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FOREWORD

This volume gathers the areas of graduate mathematics in four hun-
dred and fifty-five articles, arranged in eighty-six chapters. It addresses the
student who has crossed the sixteen parts of Foundations and now begins
to deepen that knowledge: previously acquired structures become powerful
enough to express profound patterns.

The thesis of the Articulated Course in Mathematics 75 that mathematics
is the generative grammar by which reality composes itself. If Foundations
taught that grammar (groups, vector spaces, distances, measure), this volume
is the moment when the syntax grows rich enough to formulate complex sen-
tences. Baire’s theorem shows that a complete space possesses a solidity no
countable accumulation can erode: completeness is a lever that turns point-
wise arguments into umform results. General topology retains fmm a metric
space what persists once the distance is forgotten, as a sculptor retains from
a block only the form. Galois theory reveals the bhidden symmetries of alge-
braic equations. Distributions give meaning to derivatives of functions that
possess none in the dassical sense. At this level, the seven recurring themes of
the collection (duality, symmetry, local-global, approximation, linearization,
quotient, functoriality) are no longer intuitions: they are tools of proof.

The architecture remains that of the entire collection: the article is the
fundamental unit. Each article isolates one idea and develops it in two
hundred and fifty to eight hundred words. The same quotient construction
that creates 7L/ n in arithmetic creates the quotient topology in geometry
and the space I? in analysis. The same approximation principle that governs
Cauchy sequences governs simple functions in measure theory. To recognize
these echoes from one domain to another is to pass from knowledge of the
parts to a vision of the whole.

Reading is the first gesture. But understanding mathematics requires
practicing it, and this volume accompanies every chapter with a program of
exercises designed so that the reader is never left stranded. After each article,
short practice exercises put the idea just presented into immediate practice.
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At the end of each chapter, studies in methods zeach the fundamental tech-
niques — computing a spectrum, writing a weak formulation, the Galerkin
method, the Lax-Milgram theorem, Céa’s lemma, solving a Riemann prob-
lem, entropy conditions, computing curvature, the Jacobi equation — each
introduced by a lesson, then applied step by step. A recap gathers these
methods onto a single page. Finally, guided expeditions lead the reader,
in stages, toward results and research questions: the Einstein equations, the
Riemann hypothesis, the Furstenberg-Szemerédi theorem, Connes’ noncom-
mutative geometry, the Navier-Stokes Millennium Problem, the pinched
sphere theorem, Calabi-Yau geometry. The reports distinguish solved steps,
results stated without proof; and open questions. Solutions are printed upside
down at the foot of each exercise: the reader can attempt the exercise without
seeing the answer, then consult it by turning the book over.

Each chapter closes with a Further Reading box pointing to the original
literature and standard references: Banach, Brezis, Rudin for functional
analysis, Lang and Bourbaki for algebra, Hatcher and Lee for topology and
manifolds, Hartshorne and Shafarevich for algebraic geometry. Half a page
of brief annotations: these are not exhaustive bibliographies but signposts
toward the natural continuation of each subject.

The ten companion objects of the collection continue their journey. The
cirde SY is now a smooth manifold and a Lie group; 7. is a Euclidean
domain whose ideals containing n index the subgroups of 7./ nZ; Q(\/2)
is a number field whose Galois group is 7./ 2Z; the torus T2 is the quotient
R2 / ZQ, the natural setting for Fourier analysis. These objects, glimpsed in
the Elements, formalized at undergraduate level, serve bere as laboratories
where each new theory is tested.

The volume is organized in twenty-five parts. Functional analysis, mea-
sure, probability and statistics prepare differential equations, dynamical
systems and Fourier analysis. Complex analysis, algebra and geometry lead
to numerical methods, then to the chapters on working practices and ex-
ercises. The last three parts open toward advanced algebraic structures, ge-
ometry and topology, then advanced analysis, probability and arithmeti.
1t assumes mastery of the undergraduate content covered by the preceding
volume. It prepares the reader for the two research volumes that follow: Cor-
respondences, which leads from class field theory to the Langlands program,
and Mathematical Physics, from symmetries to strings.



FOREWORD vii

The mathematical conventions follow those of the French reference and
the preceding volumes. English interval notation and decimal points are
used. Conventions specific to a subject are stated where they first occur; the
notation table also records the local conventions for Hermitian inner prod-
ucts.

Further reading bas been adapted where verified English editions or
resources serve the same purpose. Original sources and historical attributions
are retained; section references concern the editions cited.

The student who opens this volume no longer seeks to learn mathematics:
the student secks to understand it. The difference is considerable. To under-
stand is to see why a theorem is true, not merely that it is; to feel the necessity
of a definition, not merely memorize it; to perceive, behind the diversity of
domains, the unity of a grammar. This volume is designed to accompany
that passage.
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TO THE READER

This course articulates in five volumes the grammar by which reality com-
poses itself: over thirteen bundred articles of mathematics, from the first
whole number to the Langlands correspondence and from the brachis-
tochrone to the amplitubedron. The undertaking is vast. The author does
not claim it is without flaws; he asserts it is sincere.

Each article develops a single idea, from its motivation to its interpreta-
tion. Definitions are framed. Results (propositions, theorems) are marked
by a bold label; in volumes 2 and 3, major theorems are further framed
in red. Proofs are present where they illuminate, sketched where full rigor
would have obscured the point, and stated without proof when their diffi-
culty exceeds the article’s scope. The text distinguishes these three cases.

Ten mathematical objects run through the collection as recurring exam-
ples: the cirdle S 1, the integers 7, the extension Q(\/E), the elliptic curve
y2 = & = x, the group GLo, the function ¢ (5), the space L2, the ring
K[X), the symmetric group S3, and the torus T2, From trigonometric
computation to the Langlands dual group, from the harmonic oscillator to
Montonen-Olive duality, each of these objects reappears at every level with
renewed depth. When one manifests itself, the text signals it.

The figures, numbering more than eight hundred, have been drawn
with the care that a pocket format demands: every line bas a reason for
being, every label is clear of every curve, and the palette is limited to four
colors. They do not replace proof; they precede it. The reader who looks at
the figure before reading the theorem will often understand the statement
before having read a word of it.

In volumes I-IIL, each chapter extends into graded exercises (practice
exercises, method studies, expeditions), whose detailed solutions are printed
upside down at the foot of each exercise: the reader may attempt the exercise
without seeing the answer, then read it by turning the book around. Whoever
engages with them will find a teacher, never an examiner.
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The reader may follow the linear path or take the cross-volume passages.
Volumes I through III form a continuous progression from secondary school
to the master’s level. Volume IV ascends toward the Langlands program;
Volume V; toward mathematical physics. Both assume Volume III but may
be read independently of each other.

Further reading points to English editions where these can be identified,
or to verified English alternatives with the same purpose. Historical attribu-
tions are retained; works available only in another language are identified
as such. These readings extend the course rather than form part of its pre-
requisites.

Every error reported is an error corrected.
wdf@clementinium.com



NOTE ON THE LEVELS

The five volumes follow a progression from the first mathematical objects to
questions of research:

* Elements (I): secondary-school mathematics, from arithmetic to the first
proofs.

* Foundations (II): zhe foundations of university mathematics.

* Graduate Mathematics (IIL): deeper study and preparation for research.

» Correspondences (IV): the research level, from class field theory to the
Langlands program.

* Mathematical Physics (V): the research level, from symmetries to strings.

These levels guide the reader without imposing an academic timetable. Parts
and chapters mark the stages of the journey; the pace depends on the reader’s
background and the questions they wish to explore.

Volumes I, I, and II1 successively build the prerequisites for the next volume.
Readers may enter at the level for which they have the necessary background.
Volumes IV and V share the foundation of Graduate Mathematics and
may be read independently of each other. The bridges at the beginning of

each volume explain the change in perspective.
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FROM FOUNDATIONS TO GRADUATE
MATHEMATICS

At the undergraduate level, the path was marked: definition, theorem,
proof, exercise. At the graduate level, one must often find the path oneself.
This is the most important change, and it concerns the way of seeing rather
than the theorems.

The first tools are in place: vector spaces, groups, polynomials, differen-
tial and integral calculus, series, and the beginnings of ropology. Graduare
mathematics extends them into territories where finite dimension no longer
suffices, where topology becomes a choice, where symmetries hide in increas-
ingly refined algebraic structures. The Lebesgue integral, Fourier series, and
holomorphic functions will be constructed in this volume: they will broaden
the ways we pass to limits and represent functions.

Functional analysis will put operators to work on infinite-dimensional
spaces. Distributions will give meaning to derivatives of functions that have
none in the dassical sense. Galois theory will reveal the invisible symmetries
of polynomial equations. And manifolds will replace open subsets of R”
with curved spaces that can only be observed locally.

Reading an article, following a seminar, identifying the right question:
these skills, harder to teach than theorems, are what make a mathematician.

This volume is devoted to their acquisition.



Part I

Functional Analysis

Two chapters of topology open the volume: metric spaces, where
completeness and compactness are defined, then topological spaces,
defined by their open sets alone. Functional analysis then studies
infinite-dimensional vector spaces equipped with a norm, together
with the continuous linear maps between them. Banach and Hilbert
spaces come next, followed by the four fundamental theorems: Habn-
Banach, Banach-Steinhaus, the open mapping theorem, and the
closed graph theorem. Weak topologies and the spectral theory of
bounded operators complete the framework. Completeness is the con-
stant lever: it turns pointwise estimates into uniform results.



CHAPTER 1

METRIC SPACES

Sequences, limits and continuity were defined on R with the absolute
value; on R”, on spaces of functions, on sequences, the same construction
only requires a distance, and that is the only thing a metric space retains.
This chapter installs this setting and the four notions that follow from it.
Open sets, closed sets and neighborhoods translate the distance into topolog-
ical language. Completeness, where every Cauchy sequence converges, is the
property that allows limits to be built without being known, whence Ba-
nach’s fixed point and Baire’s theorem. Compactness, where every sequence
bas a custer point, is the one that guarantees extrema. Connectedness, fi-
nally, says what a space in one piece is, and founds the intermediate value
theorem.

Articles in this chapter:

I Distance and Metric Spaces — A metric space is a set equipped with a
distance satisfying separation, symmetry, and the triangle inequality.

2. Open Sets, Closed Sets, Neighborhoods — Open sets, closed sets, and
neighborhoods are defined by balls.

3. Completeness— A complete metric space contains the limits promised
by its Cauchy sequences.

4. Compactness— Compactness turns infinite data into finite or conver-
gent data.

5. Connectedness — Connectedness formalizes the idea of being in one
prece.

1. DISTANCE AND METRIC SPACES.

Two continuous functions on [0, 1] can be close in one sense and
far apart in another: close if the area between their graphs is small,
far apart if their values differ sharply at some points, as a very
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narrow, very tall continuous spike shows (small area yet large max-
imal gap). Behind this ambiguity lies a fundamental question: what
does being close mean in a set that is not R”? The topology of R”
learnt in the previous volume, built on the Euclidean distance,
had nothing specific to R”. Once one isolates the properties of a
distance that underpin the theory (separation, symmetry, triangle
inequality), the same edifice can be erected on any set. The result-
ing framework, the metric space, is like an architect’s blueprint: it
draws the topology without fixing the materials.

perinrion rr: Let X be a set. A distance (or metric) on X is
amap d: X x X — Ry satisfying, for all x,y,z € X:

L. Separation: d(x,y) =0 & x = y.
2. Symmetry: d(x,y) = d(y, x).
3. Triangle inequality: d(x,z) < d(x,y) + d(y,z).

DEFINITION 12: A metric space is a pair (X, d) where X is a

nonempty set and 4 a distance on X.

These three axioms suffice to generate an entire topology. Before
seeing how, let us examine the diversity of situations they encom-
pass.

exanrre: (1) (R, da), where do(x,y) = ||x~y||2, is Euclidean space.
(2) (Clla,H), doo), where doc(fg) = sup,iy  IA) - £(0)h mea-
sures the uniform gap between continuous functions. (3) The circle
St and the torus T2 = S' x ', equipped with the distance induced
by R”, are compact metric spaces that will reappear as domains for
Fourier analysis. (4) The discrete distance, defined by d(x,y) = 1 if
x # y and d(x,x) = 0, makes any set into a metric space. (5) On
R”, the distances di(x,y) = >, |xi— yi| and doo(x,y) = max |x; ;|
are also distances.
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prrinrrion 13 Let (X, d) be a metric space, ¥ € X and » > 0.
The open ball of center x and radius 7 is B(x,7) = {y € X :
d(x,9) < r}. The dosed ball is B(x,7) = {y € X : d(x,y) < 7}.

Open balls play the role of open intervals in R: they serve as the
elementary bricks from which the topology is built. A subset U
is declared open if each of its points is the center of an open ball
contained in U.

rroposirion 14: The open balls generate a topology on (X,d): a
set U C X is open if and only if for every x € U, there exists 7 > 0
such that B(x, ) C U.

This result is stated without proof.
Two distances on the same set may generate the same topology
(the same open sets, the same convergences) while measuring gaps

differently.

perNTION 15: Two distances d and d’ on X are topologically
equivalent if they define the same topology (the same open
sets). A sufficient condition, called b2lipschitz equivalence and
strictly stronger, is the existence of constants «, 3 > 0 such
that ad < d' < Bd.

dy da doo

Open balls in R? for dy, do, doo
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reaarx 1.6: On R”, all distances arising from the norms || - ||,
(I < p < o0) are equivalent: the balls change shape (square,
disk, rotated square) but the open sets remain the same. This
phenomenon is specific to finite dimension. In C([4, 4]), the dis-
tance doo and the distance 41 (f, g) = fﬂb |A(2) —g(2)| d¢ (with 2 < b)
are not equivalent: uniform convergence is strictly stronger than
convergence in the mean. The geometry of the space then depends
genuinely on the choice of distance.

The notion of metric space thus isolates the minimal structure
needed to speak of proximity, convergence and continuity. This
framework unifies apparently heterogeneous situations (points of
R”, continuous functions, bounded sequences) and opens the way
to the topological constructions that will organize the present vol-
ume.

The first exercise checks a nonstandard metric. The second compares the
familiar balls of the standard norms on R2.

- S g .
o Verify that d(x,y) = |x° - y°| is a metric on R. Does it define the same
topology as the usual metric?
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. g g 2
* Describe the unit balls in R* for ||x||1, ||*]|2, and ||x]|co-
R S TP ——————
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2. OPEN SETS, CLOSED SETS, NEIGHBORHOODS.

4 metric space has its distance, but one almost never works directly
with it. What matters is the geography it draws: which sets leave
each of their points some room to maneuver, which sets retain
their limits, which sets envelop a point without themselves being
open. The notions of open set, closed set and neighborhood, fa-
miliar from R”, carry over word for word to metric spaces, but
their scope broadens considerably: they organize function spaces
and discrete spaces just as well.

prrinrrion 2z Let (X, d) be a metric space. A subset U C
X is open if for every x € U, there exists » > 0 such that
B(x,r) C U.

The following figure illustrates three situations: an interior point,
around which an entire ball fits inside the set; a boundary point,
on the edge; and an exterior point.
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z

exterior

boundary

interior

Interior point (the ball B(x, r) is contained in U), boundary point, and exterior point.

Open sets satisfy the fundamental properties of a topology: @ and
X are open; any union of open sets is open; any finite intersection
of open sets is open. The restriction to finite intersections is no
artifice: in R, (), < (—%, %) = {0}, which is not open. Infinity,
even countable inﬁnity, can close what finiteness left open.

DEFINITION 2.2: A subset F C X is cosed if its complement
X\ Fis open.

The definition by complement is elegant but unwieldy. In practice
one prefers the sequential characterization: F is closed if and only
if every sequence of elements of F that converges in X has its limit
in F. A closed set is one that does not let its limits escape.

DEFINITION 2.3: A set V is a neighborbood of a point x if there
exists an open set U such thatx € UC V.

prrinrrion 2.4: Let A C X. The interior A is the largest open
set contained in 4. The closure 4 is the smallest closed set
containing 4. The boundary is 94 = A\ A.
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prOPOSITION 2.5: A point x belongs to 4 if and only if there exists
a sequence (x,) of elements of 4 such that x, — x.

This sequential characterization of closure is one of the most
widely used tools in metric spaces. It converts a set-theoretic ques-
tion, does x lie in the smallest closed set containing 42, into a
constructive procedure: find a sequence of elements of 4 converg-
ing to x.

examrre: In (R, |-|), the interior of Q is empty ( Q = @), since every
open interval contains irrationals. The closure of Q is all of R, by
density of the rationals. The boundary is therefore 0Q = R: the ra-
tionals are everywhere and nowhere at once. In (C([0, 1)), doo ), the
open ball of center O and radius 1 is the set of continuous functions

f satisfying sapyg 1) |f] < 1.

DEFINITION 2.6: A subset 4 is dense in X if A = X, that is, if
every point of X is the limit of a sequence of elements of 4.

rEMaRk 2.7: ' The sequential characterization of closed sets and clo-
sure is specific to metric spaces (and, more generally, to spaces with
a countable neighborhood base). In a general topological space, se-
quences no longer suffice and one must resort to filters or nets.
This is one of the privileges of metric spaces: sequences form a
complete language for describing the topology.

The topology of a metric space (open sets, closed sets, interior,
closure, boundary) is built entirely from open balls, and the se-
quential characterization makes these notions accessible to con-
crete computation. This architecture, inherited from R” but valid
far beyond it, provides the vocabulary in which completeness, com-
pactness and continuity will be expressed.

The first exercise proves closedness by sequences. The second computes closure,
interior, and boundary in a dense example.
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* Show, using the sequential characterization, that
F={(x,y) e R? . 42 —l—y2 <1}

is closed.
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* Compute the closure, interior, and boundary of 4 = Q N [0,1] in R.
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3. COMPLETENESS.
Soar spaces have holes. In Q, the sequence of decimal approxima-
tions to v/2 is Cauchy: its terms draw ever closer to one another,
yet the limit does not belong to Q. The sequence ought to converge
but the space is not rich enough to harbor its limit. Completeness
is precisely the absence of such holes: a complete space contains ev-
ery limit that its Cauchy sequences promise. This property, which
has underpinned all of real analysis since the construction of R,
carries over to metric spaces with spectacular consequences.
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prrInrrIon 3.1: A sequence (x,) in a metric space (X, d) is a
Cauchy sequence if for every € > 0, there exists N € N such
that m,» > N implies d(xm,x,) < €.

Every convergent sequence is Cauchy. Terms that approach a limit
a fortiori approach one another. The converse is the decisive ques-
tion.

pEFINITION 3.2: A metric space (X,d) is complete if every
Cauchy sequence in X converges in X.

In other words, a space is complete if sequences that oxght to con-
verge actually do: the Cauchy criterion, verifiable without knowing
the limit, suffices to guarantee its existence.

exampre: (R”, do) is complete. The space (C([a, b)), doo) is complete:
this is the uniform limit theorem, which states that the uniform
limit of a sequence of continuous functions is continuous. By contrast,

(Q, | -]) is not complete.

PROPOSITION 3.3: A subspace of a complete metric space is complete
if and only if it is closed.

This result clarifies the link between topological closure and com-
pleteness: being closed in a complete space means inheriting its
completeness. To verify that a subset is complete, it suffices to
show that it is closed in a complete ambient space.

rrEoREM 3.4: (Banach fixed-point theorem.) Let (X, d) be
a complete metric space and f: X — X a contraction, that is,
a map satisfying d(A(x), Ay)) < kd(x,y) for all x, y € X, with
0 < k < 1. Then £ has a unique fixed point x € X, obtained
as the limit of any iterated sequence x,4+1 = f{xn).

rroor: Letxg € X be arbitrary and x,+1 = f(x,). One checks that
A(%nt-1, %) < k" d(x1,x0), whence, by the triangle inequality, (x,)
is Cauchy. By completeness, it converges to some x. The continuity
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of £ (a consequence of the contraction property) gives f{x) = x.
Uniqueness follows from separation: if Ax) = x and f{y) = 7,
then d(x,7) < kd(x,7), which forces d(x,y) = 0.

7 =f)

,// X

X0

Convergence of the iterated sequence toward the fixed point

The fixed-point theorem is a remarkable lever: it transforms an
existence problem (finding a solution) into a verification problem,
showing that an operator is a contraction. Completeness supplies
convergence; the contraction supplies uniqueness.

examrre: The Cauchy-Lipschitz theorem, which guarantees local ex-
istence and uniqueness for solutions of ordinary differential equa-
tions, is proved by applying Banach’s fixed-point theorem in a space
of continuous functions equipped with the uniform norm, or an
equivalent weighted norm.
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prrInrrIon 3.5: The completion of a metric space (X, d) is a
complete metric space (X, d) into which X embeds isometri-
cally and whose image is dense. The completion exists and is
unique up to isometry.

rEmarx 3.6: The construction of the completion generalizes that
of R from Q by equivalence classes of Cauchy sequences. The 7
spaces, for 1 < p < 00, of chapter 17 arise in the same way: they
are completions of spaces of integrable simple functions for the I/
norms. Filling the holes of a space reveals its deep structure.

Completeness is, in the end, the guarantee that Cauchy sequences
converge: it is the contraction that makes the Picard iterates
Cauchy, and completeness that then supplies their limit. From
Banach’s fixed-point theorem to g spaces, every time a Cauchy
sequence appears in the sequel, it is the completeness of the ambi-
ent space that will close the argument.

The first exercise exhibits a Cauchy sequence whose limit is missing. The
second applies Banach’s fixed-point theorem concretely.

o Construct a Cauchy sequence in (Q, | - |) that does not converge in Q.
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e Let f: [0,1] — [0,1] be Ax) = x/2 + 1/4. Verify that f is a
contraction, find its fixed point, and compute the iterates from xg = 0.
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4. COMPACTNESS.
way do continuous functions on a closed interval always attain
their bounds, while this may fail on an open interval? The answer
is one word: compactness. In R”, the Heine-Borel theorem iden-
tifies compact sets with the closed bounded ones, but this conve-
nient characterization is an accident of finite dimension. As soon
as one passes to function spaces, closed and bounded no longer
suffices, and compactness demands an intrinsic definition.

DEFINITION 4.1: A metric space (X, d) is sequentially compact
if from every sequence of elements of X one can extract a
subsequence converging in X.
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DEFINITION 4.2: A metric space (X, d) is compact (in the open-
cover sense) if from every cover of X by open sets one can
extract a finite subcover.

These two definitions appear to address different things (one con-
cerns sequences, the other covers), but in metric spaces they say
exactly the same thing.

THEOREM 4.3: In a metric space, the following properties are
equivalent:

1. (X,d) is compact (open covers).
2. (X,d) is sequentially compact.
3. (X,d) is complete and totally bounded.

This result is stated without proof.

A space is totally bounded if, for every € > 0, it can be covered by
finitely many balls of radius e. The third characterization decom-
poses compactness into two ingredients: completeness prevents
limits from escaping, and total boundedness prevents sequences
from scattering.

N N
N N 7 e

A
N\

-~

\\“*IC"

A compact set covered by three open sets: the final state of a finite extraction

The figure shows the final state: three open sets suffice to cover
the compact set. Compactness asserts that from any open cover
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(potentially infinite) one can always extract such a finite subfamily:
precisely the content of the open-cover definition.

pxampre: The interval [0, 1] is compact in R. Every finite metric
space is compact. By contrast, the closed unit ball of (C([0,1]), doo)
is not compact: the sequence f,(x) = x" admits no uniformly con-
vergent subsequence (the pointwise limit is not continuous).

PROPOSITION 4.4:
1. Every compact set is closed and bounded.
2. Every closed subset of a compact set is compact.

3. The continuous image of a compact set is compact.

This result is stated without proof.

Property (iii) is a transfer principle: compactness, like portable
goods, passes from source to target under a continuous map. An
immediate consequence: every continuous real-valued function on
a compact set is bounded and attains its bounds.

rrorosirion 4.5: (Heine’s theorem.) Every continuous map from
a compact metric space to a metric space is uniformly continu-
ous: for every € > 0 there is ¢ > 0 such that d(x,y) < J implies
d(A(x),A(y)) < €, the same § serving at every point.

This result is stated without proof. The idea of passing from local to
uniform requires half-radii: choose 7. > 0 so that d(A(x), Ay)) <
€/2 whenever d(x,y) < rx, then extract a finite cover by the balls
B(x,7¢/2). The minimum of the chosen half-radii ensures that
two sufficiently close points lie in one common ball B(x, 7); the
triangle inequality then bounds the distance between their images

by €.
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ruroren 4.6: (Heine-Borel.) In R”, a subset is compact if
and only if it is closed and bounded. The corresponding
sequential form (every bounded sequence in R” has a con-
vergent subsequence) is called Bolzano-Weierstrass.

This result is stated without proof.

This result rests on the completeness of R” and on the fact that
in finite dimension, bounded implies totally bounded.

REMARK 4.7: In infinite dimension, closed and bounded does not
imply compact. The closed unit ball of an infinite-dimensional
Banach space (Chapter 3) is never compact for the norm topol-
ogy: this signals that infinite dimension offers enough room for
sequences to escape along ever-new directions uniformly separated
from the previous ones (Riesz’s lemma) without ever catching up.
The Ascoli-Arzela theorem, which characterizes the relatively com-
pact subsets of C([4, 4]) by equicontinuity and uniform bounded-
ness (a subset is compact if it is moreover closed), restores an
operational criterion where mere boundedness fails.

Compactness turns the infinite into the finite: it guarantees that
sequences have convergent subsequences and that covers can be
trimmed. This finiteness property will be a decisive lever whenever
an argument requires passing from the local to the global.

The first exercise shows why closed and bounded is not enough in infinite
dimension. The second uses compactness to prove existence of extrema.
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e InE=C ([0, 1], R) with the sup metric, show that the closed unit ball
B(0,1) = {f: [[fllo < 1}

is not compact.
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e Let K C R” be compact and nonempty and f : K — R continnous.
Prove that f is bounded and attains its bounds.
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5. CONNECTEDNESS.

Can one break a space into two pieces without tearing anything?
If a continuous function on [z, 4] takes a negative value at 2 and
a positive value at &, it must vanish somewhere in between: this
is the intermediate value theorem. That result, so natural it seems
self-evident, rests on a deep property of the interval: it is impossible
to split it into two disjoint nonempty open sets. Connectedness
formalizes this impossibility of a clean cut.
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pEFINITION 5.1 A metric space (X, d) is connected if the only
subsets of X that are both open and closed are @ and X.
Equivalently, there is no partition X = ULl ¥ with Uand 7
open and nonempty.

DEFINITION 5.2: A mettic space (X,d) is path-connected if for
all x,y € X, there exists a continuous path v: [0,1] — X
with v(0) = x and (1) = y.

PrROPOSITION 5.3: Every path-connected space is connected. The con-
verse is false in general, but it holds for open subsets of R”. The
classical counterexample is the topologist’s sine curve, the closure
in R? of the graph of x ~ sin(1/x) on (0, 1]: it is connected, but
no path joins the graph to the limit segment {0} x [-1, 1].

This result is stated without proof.

Path-connectedness is the constructive version of connectedness: it
does not merely assert that the space is in one piece but supplies
a path joining any two points. For open subsets of R”, the two
notions coincide, a valuable convenience in practice.

connected not connected

Connected and disconnected spaces in R?

The figure contrasts the two situations: a disk, all in one piece, is
connected, while the union of two disjoint disks is not, since each
constitutes a nonempty open set that separates the whole into two
parts.
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examrre: R” and every open ball of R™ are path-connected. The
space Q, with the usual distance, is not connected: for any irrational
o, the partition Q ={g € Q: g < a}U{g € Q: q > o} separates
Q into two nonempty open sets. The deleted comb, the union in R?
of the segments {1/n} x [0, 1], the base [0,1] x {0} and the single
point (0, 1), is connected but not path-connected: no continuous path
joins (0,1) to the rest, for its first coordinate would be continuous,
hence with connected image, yet near (0, 1) it would have to take
values in the totally disconnected set {0y U{1l/n : n > 1} and so
remain constant equal to O near every instant at which the path
passes through (0, 1): the set of such instants is thus open, and being
also closed (continuity) and nonempty, it is the whole interval: the
path is constant.

DEFINITION 5.4: The connected component of a point x € X is
the largest connected subset of X containing x. The connected
components form a partition of X into closed sets.

rrrorexm 5.5: (Generalized intermediate value theorem.)
If /- X — R is continuous and X is connected, then AX) is
an interval of R.

This result is stated without proof.

This theorem reveals that the classical result on [z, #] had nothing
specific to real intervals: it is the connectedness of the source that
forces the image to skip no value. The continuous image of a
connected set is connected, and the connected subsets of R are
exactly the intervals.

remark 5.6: Connectedness is a topological invariant, preserved by
homeomorphism. It provides a formidably effective negative tool:
to show that two spaces are not homeomorphic, it suffices to find
an operation that breaks the connectedness of one but not the
other. For instance, R with a point removed splits into two pieces,
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whereas R? with a point removed remains connected, proving that

R and R? live in different topological worlds.

With completeness, compactness and connectedness, a metric

space now possesses its three fundamental global properties. They

form the bedrock on which the existence, uniqueness and exten-

sion theorems that pervade all of analysis will rest.

The first exercise distinguishes connected and disconnected planar sets. The

second recasts the intermediate value theorem through connectedness.

* Decide whether the following subsets of R2 re connected: the open disk,
e s 1 < +y2 < 4, the punctured plane R2 \{0}, and the plane

with the horizontal axis removed.
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connectedness to show that f(c) = 0 for some ¢ € [0, 1].
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METHODS

Study 1. * METHOD: equivalent distances and changes of norm

On one set X, several distances may coexist. Two are equivalent when they
define the same topology (same open sets, same convergence); a sufficient
criterion is the existence of constants ov, B > 0 with od < d < pd (strong,
Lipschitz equivalence). On R" all norms are equivalent (finite dimension);
on _function spaces, often not.

Prove that on R” the norms || - ||1, || - |2, || - [|oo are equivalent, and give
the optimal constants.

(a) Basic comparisons.

(b) Two-sided bounds.

(c) The optimal case.

(d) Topological consequences.

(e) Summarize the method.

Upside-down solution.
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Study 2. %% METHOD: the sequential characterization of closure

The sequential characterization of closure of a subset A of a metric space:
x € A iff there is a sequence (x,) € AN with x, — x. To show a point
is in the closure, build an explicit sequence; to show it is not, argue that no
sequence in A can ap])roﬂcb it.

Prove that Q" = R”, and that the closure of {(p,q) € Q2 :p2 +q2 <1}
is the closed unit disk {(x,y) : P +)/2 <1}

(a) Density of Q" in R”.

(b) The closure of the rational disk.

(c) The trivial indusion.

(d) The nontrivial inclusion.

(e) Summarize the method.

Upside-down solution.
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Study 3. %% METHOD: Banach’s fixed-point theorem and an application

Banach’s fixed-point theorem: in a nonempty complete metric space (X, d),
every contraction [ has a unique fixed point X, obtained as the limit of
any iteration x,+1 = fxn). Method: check completeness of X; check the
contraction d(f(x), (y)) < kd(x,y) with k < 1; iterate to compute the
fixed point.

Prove the Canchy-Lipschitz theorem for the ODE y/ = f(x7 y), with f
continuous and Lipschitz in y on a rectangle around (xq, Y0 ), via Banach’s
fixed-point theorem.

(a) Integral reformulation.
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(b) The right Banach space.
(c) The contracting operator.
(d) Applying the theorem.

(e) Summarize the method.

Upside-down solution.
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Study 4. *x METHOD: compactness in R” and closedness

In R”, the Heine-Borel theorem characterizes the compact sets as the closed
bounded ones. Method: to show a set is compact, verify it is closed (se-
quentially, or as a continuous preimage) and bounded. Outside R" (in-
[finite dimension) this fails and extra criteria are needed (equicontinuity in
C([a, b)), and so on).

Forn > 1, prove that the Euclidean unit sphere sl =fxeR": ||| =
1} is compact in R”, and deduce that a continuous V& 1 s R astains
its bounds.

(a) S is closed.

(b) St is bounded.

(c) Compactness.

(d) Application: extrema.

(e) Summarize the method.
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Upside-down solution.
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Study s. x* METHOD: path-connectedness and the intermediate value

theorem

Path-connectedness: any two points x,y € X are joined by a continuous
path 7y 1 [0,1] — X with v(0) = x, y(1) = y. It implies connectedness
(the converse fails in general). The generalized intermediate value theorem:
if f: X — R is continnous and X is connected, then f(X) is an interval.

25

Method: to obtain an intermediate value theorem, check that the domain

is connected.

Prove that a convex subset of R” is path-connected (bence connected), and
deduce that the intermediate value theorem extends to any continuous f :

C — R with C convex.

(a) Convex = path-connected.

(b) Path-connected = connected.

(c) The generalized intermediate value theorem.
(d) Application.

(e) Summarize the method.
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Upside-down solution.
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Study 6. % **x METHOD: two consequences of the Baire category theorem

The Baire category theorem is proved in article 21 for every complete metric
space: a countable union of closed sets with empty interior bas empty interior.
1t is taken for granted, and two statements are drawn from it that cannot
be obtained otherwise: Q is not a countable intersection of open subsets of
R, and an infinite-dimensional Banach space has no countable algebraic
basis. Method: (1) write the complete space as a countable union of closed
sets; (2) show each has empty interior; (3) conclude to the contradiction.

Prove both statements.

(a) Q 45 not a Gy: suppose Q = ﬂ” Uy with Uy open, and write R as a
countable union of closed sets with empty interior.

(b) A Banach space E has no countably infinite Hamel basis (e ): consider
= Vect(el, .. ,en).

(c) Deduce that the space of polynomials is complete for no norm, and
summarize.

Upside-down solution.
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METHOD RECAP

METRIC: d : X2 — Ry satisfies separation, symmetry, and the triangle
inequality.

EQUIVALENT METRICS: They define the same open sets. In finite dimen-
sion all norms are equivalent.

OPEN AND CLOSED BALLS: B(x,7) = {y : d(x,y) < 7} B(x,7) = {y :
d(x,y) < 7}

OPEN SET: U is open if cvery x € U has some r > 0 with B(x,r) C U.

CLOSED SET: F s closed if X\ F is open. A sequence in F converging in X
bas its limit in F.

CLOSURE: 4 = {x € X : A(xn) € AN, Xp —> X}, the smallest closed set

containing A.

CAUCHY SEQUENCE: For every € > 0, some N satisfies m,n > N =
d(xm,xﬂ) <e.

COMPLETE SPACE: Every Cauchy sequence converges. Examples: R, R”,
C([a, b)) with dso.

BANACH FIXED-POINT THEOREM: A contraction with ratio k < 1 on a
nonempty complete space has a unique fixed point reached by iteration.

SEQUENTIAL COMPACTNESS: Every sequence has a convergent subsequence.
In metric spaces this is equivalent to every open cover having a finite subcover.

BorzaNo-WEIERSTRASS: [n R”, compactness is equivalent to being closed
and bounded. This fails in infinite dimension.

CONTINUOUS IMAGE OF A COMPACT SET: [t is compact. A continuous

real-valued function on a nonempty compact set attains its extrema.

CONNECTEDNESS: No partition X = ULV into nonempty open sets. The
connected subsets of R are its intervals.
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GENERALIZED INTERMEDIATE VALUE THEOREM: If f: X — R s con-

tinuous and X connected, then ﬂX) is an interval.

BAIRE THEOREM: [n a complete metric space, a countable intersection of
dense open sets is dense; dually, a countable union of closed sets with empty

interior has empty interior.

EXPEDITIONS

EXPEDITION I: THE BAIRE CATEGORY THEOREM
Prevequisites: studies 6.

The Baire category theorem (René-Louis Baire, 1899, doctoral thesis) states
that a nonempty complete metric space is never a countable union of “small”
sets. This seemingly technical property founds three pillars of modern func-
tional analysis: the uniform boundedness principle, the open mapping theo-
rem, and the closed graph theorem. It also proves unexpected results: in the
sense of Baire, almost every continuous function is nowhere differentiable,
and almost every real number is a Liouville number.

(a) State the theorem (proved in article 21 used in Study 6, and recalled
here): in a complete metric space, the intersection of a countable sequence of
dense open sets is dense.

(b) Dual reformulation: a countable union of closed sets with empty interior
has empty interior.

(c) The Banach-Steinhaus theorem (1927): a pointwise bounded family of
operators is uniformly bounded.

(d) Generic existence of rare phenomena: nowhere differentiable functions
(Banach, 1931).

(e) Generic topology: the “most frequent” type is not always the intuitive
one.

The Baire category theorem is one of the foundations of functional analysis.
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History. René-Louis Baire (1874-1932, French mathematician), in his doc-
toral thesis (Sur les fonctions de variables réelles, 1899), introduced the no-
tion of a meager set (in modern _form, a countable union of nowhere dense
sets) and proved that R, like every complete metric space, is not meager in
itself. This seemingly technical idea turned out to be a structuring tool for
all of twentieth-century analysis.

Statement. Let (X, d) be a complete metric space (or, more generally,
locally compact), and let (U,),>1 be a sequence of dense open sets of X; then
their intersection ﬂ . Un remains dense. The dual form follows by passing
to complements: if (Fn)nzl is a sequence of closed sets with empty interior,
their union \ ), Fy still bas empty interior. The accompanying vocabulary:
a Gs is a countable intersection of open sets, an Fo a countable union of
closed sets, a set is meager (or of first category) when it is a countable union
of nowhere dense sets, and comeager or residual when it is the complement
of a meager set; in a complete space a comeager set contains a dense Gg,
hence is dense. In this compact form, the theorem says that in a complete
space the complement of a meager set is dense.

Applications. The theorem runs through all of functional analysis. The
Banach-Steinhaus theorem, or uniform boundedness principle, is its most
direct consequence: for a family (Te.) of continuous linear operators from a
Banach space X to a normed space Y, pointwise boundedness (sup ,, || Tax|| <
00 for each x) forces uniform boundedness (sup,, ||Ta|| < 00). The proof
sets B, = {x : sup,, HTaxH < n}: each E, is closed and their union is
all of X, so Baire’s theorem forbids them all from having empty interior;
one of them therefore contains a ball B(xo, r), and homogeneity then gives
sup,, | Tal|l < 2n0/r The same mechanism yields the open mapping
theorem (Banach, 1929), by which every continuous surjective linear operator
between Banach spaces is open, and the closed graph theorem, which makes
continuous any linear operator defined on an entive Banach space, with
values in another Banach space, whose graph is closed.

Baire’s theorem also serves to establish the existence of exotic objects through
a genericity argument. Banach showed in 1931 that the set of functions in
C([0, 1]) that are nowhere differentiable is comeager (it contains a dense
Gs): almost every continuous function, in the sense of Baire, is differentiable
at no point, so that the “regular” dlass suggested by intuition is in fact the
exception. Likewise, the Liouville numbers, those irrationals approximated
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by rationals at arbitrarily high polynomial speed, form a dense Gs of R:
almost every real number is Lionville in the topological sense, even though
the set of Lionville numbers bas Lebesgue measure zero.

Generic topology and measure. A property holding on a dense Gg is
called generic. These examples carry a moral: the “typical” object in the
topological sense is often counterintuitive, phenomena reputed pathological”
are in fact ubiquitous, and the objects that intuition judges normal (differ-
entiable functions, rational numbers) turn out to be atypical. One must
nonetheless take care not to conflate the two notions of smallness: topological
genericity (complement of a meager set) and measure-theoretic fullness (com-
plement of a null set) do not always coincide. The fat Cantor set, meager yet
of measure 1/2, shows that a set can be small topologically without being
small in measure.

Upside-down report.

“sisheur
wapow Jo 003 [emanns v (e21d4a 5 03 e[nSai, 001 199(qo L) URSIXAUOU JO 003 ¥ (1) {(SIOGUINU AANOK] ‘SUORIUNY
S[qEnuARPIp Aaymou) 193(qo ea1dA1, Jo 20UNSIXD (11) {(SIAE[I SI PUE SNEYUING-YIPUEE) SISAPUE [EUONOUN] JO SWAI0A
(1) ssuonwoyddy “asusp st 105 33Feows v Jo owapdwo oy ‘s3eds 2101w v Uy I S AurEg PogIAPY (3) SqEnULIYIP
S1UAMOU 51 UORIUNJ SNONUAUOY IHOUIZ, A3 9FEaUO3 SI SUORIURY LIRS JO 395 [N DY OF ‘SUORIURY IERUIYIP HAYMOU
Jo oprw 5 asusp v 51 “p (1) Jo auswaidwon s puv Sopaur Ladws Jo 135 © W0} AYMAWOS AQERUAIYIP SUOROUTY
s “pr swos uy sai] autod auo ko 1e S[qenUBIIP £ Aur 2outs sopsuy duws sey Xy ¥( “oxreq Ag (g o o1 ssed pur

01 Aty renxs ¥ sassomus s Ausoquun £+ Af g1 4y 30 sssupasopo) 4 B 3 + 3 pur. ‘apis e w0 O zeou 1
10§ [0 =3l < |(05) (24 5) - (1) (2 + F)| 05T + # < snnpou jo adofs sty 2 + 5 219 2IWSS ¥ S SIPIS OMI
o jo auo <07 utod aseq 3ama 1 £(T + 17 + %) T sados w2 Fezyz reour-asimanaid [rews A[ueniqee ue dq paqumsnd
sy gy swios 4q papunog sadofs s oy e sspmaoand v Aq porewpxordde 5q asig ues ¥y S /v oy fadwa
seq 4y 4|05 —su S [(0)/= (1)/] A O : f} = “paspasopo T < 10§ 205 210dwod “wiou wiogiun sy
i ([T °0))0 = X ul suomunf sguisuacaffip aqmou 1ddy (3) o ur Ajuopun «/ Oug, < || 01 || 2ouay
Oug S ||¢PL]| 0s 050 ~ (4 4 Ox)®; = ¢ sond apreouyy pue 0 L1aaa 305 Ou S || (¢ + Ox) © ||

© S |lql) 105 0%y 5 (« < Ox)g s sommur ladwnuou sey Oy swos oieq Ag %7 “M) = x qum pasop
qu S ||¥©r|| Pdns : x} = Uz s ¥ foad 30§ 00 > Hx’O, || ®dns yum sioresado reauy) snonunuos jo

1ddy7 (p) - S1 9] POUSEY PP Ul
Fim e o S R 5 P e 2 p[nom win =y 3 e R s e

127 (1) {rurey v pue ‘powsou { “oeurg y 104

plnom {#x} = %7 yoes D[qraunod axom <“{ Uxy = [ I1 A fo Gppquiunorun uonvanddy () 219y pareadas 10u st
3 {(aauanbas AyneD) o wioj S1Au ol 9332 G3 SulpUSL IPES i S PISOP PAIRU) < SPRiE Jo ou0 M, g (3)
asuap st %7 “|J s uado asuap Jo avuanbas v aq (#7) 37 *(p ‘x) ovds smsw aaidwiory susmarsg () 1 voday

EXPEDITION 2: ASCOLI-ARZELA THEOREM
Prerequisites: studies 4.

The Ascoli-Arzela theorem (Giulio Ascoli, 1883; Cesare Arzela, 1895) charac-
terizes the relatively compact subsets of C([a, b)) by two conditions: equicon-
tinuity (every function in the family varies “in a uniform manner’) and
uniform boundedness. The theorem is one of the pillars of dassical func-
tional analysis: it supplies the compactness criterion for spaces of functions
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and underlies the extraction of convergent subsequences on which the exis-
tence theorems of Cauchy-Peano, Cauchy-Lipschitz, and Schaunder all rest.
(a) State the theorem: F C C([a, b)) is relatively compact (has compact
closure) if and only if F is uniformly bounded and equicontinuous.

(b) Define equicontinuity: Ve > 0,36 > O,Vf € F, |x-y| < =
[flx) - f)l <&

(c) Idea of the proof (article 22 gives it in full, it is not repeated here):
diagonal extraction on a countable dense subset, then passage to uniform
convergence by equicontinuity.

(d) Application: the Cauchy-Peano theorem (existence of ODE solutions
without a Lipschitz hypothesis).

(e) Link with compactness in Banach spaces and Schauder’s fixed-point the-
orem (statement taken for granted, Chapter 13).

The Ascoli-Arzela theorem characterizes compactness in the space of contin-
uous functions.

History. Giulio Ascoli (1843-1896, Italian mathematician) established in
1883-1884 the sufficient condition: equicontinuity together with uniform
boundedness guarantees the existence of a uniformly convergent subsequence.
Cesare Arzeld (1847-1912) proved the necessary condition in 1895 and gave
the complete modern formulation of the theorem.

Why it is needed. Ar the turn of the twentieth century, nascent func-
tional analysis needed compactness criteria valid outside R”. The Bolzano-
Weierstrass theorem, which identifies compactness with closed and bounded,
no longer works in infinite dimension; Ascoli-Arzela supplies the missing
criterion for C([a, b]).

Statement. Let (K, d) be a compact metric space, for instance K = [a, b).
A subset F C C(K,R) is relatively compact (has compact closure in
(C(K), do)) if and only if it satisfies the two following conditions: uniform
boundedness, Sup e 7 lIAloo < 005 and equicontinuity, Ve > 0,38 >
0,Vfe F,Vx,y € K d(x,y) <0 = |Ax) - Ay)| < & Equicontinuity
is a continuity “uniform in [ the same & works for every function of F,
which therefore share a common local regularity. The most frequent case is
an equi-Lipschitz family, |x) - Ay)| < L|x - y| with a common constant
L, which immediately implies equicontinuity.
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Proof. I is given in article 22; one retains its two movements, diagonal
extraction on a countable dense subset of K, then promotion of pointwise
convergence to uniform convergence by equicontinuity, and, for the converse,
the finite cover of the closure by balls, each center being uniformly continuous
on the compact K.

Applications. The theorem drives many existence results. The Cauchy—-
Peano theorem (1886) states that, for a right-hand side that is merely con-
tinuous, the differential equation y/ = Alx,9), y(x0) = yo admits at least
one local solution, with no Lipschitz hypothesis and hence no guarantee of
uniqueness: one works on a compact rectangle [xo, x0 +a| X [yo - b, y0 + 4]
where M = max |f] exists, then restricts to [xo,x0 + b] with b =
min(a, b/M) (any b < a if M = 0) so that the Euler polygons of step
19/ n stay inside; they then form a uniformly bounded, equicontinuous fam-
ily (slope bounded by M), and Ascoli-Arzela extracts a uniformly convergent
subsequence whose limit satisfies the equation. Schauder’s fixed-point theo-
rem (1930), which extends Brouwer’s to compact convex sets of a Banach space,
rests on the same principle of reduction to finite dimension, and leads to ex-
istence theorems in partial differential equations and fluid mechanics (the
Navier-Stokes equations). The compactness of the unit ball of the Holder
space fou *([a,8]), 0 < o« < 1, with its full norm in C([a, b]), another
consequence of Ascoli, is a key tool in harmonic analysis and PDE, and the
compensated compactness theory of Murat and Tartar (1970s) extends its
spirit to nonlinear problems. The theorem has its limits, since it concerns
only continuous functions on a compact set; its extensions carry the names of
Kolmogorov-Riesz for IF spaces and Aubin—Lions for evolution problems.

Philosophy. Compactness in a function space demands two simultaneous
controls: that the functions not be too large (boundedness) and that they
not vary too fast (equicontinuity). This second control is what replaces the
Bolzano— Weierstrass theorem, which is powerless in infinite dimension.
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EXPEDITION 3: CANTOR SET

Prerequisites: studies 2, 4.

33

The Cantor set (Georg Cantor, 1883) is one of the most paradoxical objects

in mathematics. Built by successive removal of middle thirds of intervals,
it is at once compact (closed and bounded), totally disconnected (o in-

terval), perfect (every point is a limit of other points), of measure zero
yet uncountable (cardinality of the continuum), and self-similar. These
seemingly contradictory properties illustrate the unsuspected richness of the

topology of subsets of R.

(a) Construction: Co = [0, 1]. At each stage n, remove the open middle

third of every subinterval. C = ﬂn Cy.

(b) Characterization: C = {x € [0,1] : x = Z/ezl a/e/3k, a, €

10, 23} (no digit 1 in the ternary expansion).
(c) Compact, totally disconnected, perfect.

d) Lebesgue measure O, yet cardinalit R0l — o the continuum)
ig: ) Y

(€) Self-similarity (fractal), Hausdorff dimension log 2/ log 3 =~ 0.631.

The Cantor set is the archetype of fractal objects and a challenge to intuition.
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History. Georg Cantor (1845-1918, German mathematician) introduced
this set in 1883 in Uber unendliche, lineare Punktmannigfaltigkeiten ("On
infinite linear point sets”), one of his foundational works in set theory, while
searching for counterexamples to naive conjectures about the topology of R.

Construction. Start from Co = [0, 1] and remove at cach stage the open
middle third of every remaining interval: the first stage removes (1/3,2/3)
and leaves C1 = [0,1/3] U [2/3, 1], the second leaves C3 = [0,1/9] U
[2/9,3/9] U [6/9,7/9] U [8/9,1], and in general Cy, is a union of
2" dosed intervals of length 37". The Cantor set is the intersection C =
(>0 Cn- It admits a convenient arithmetic description: every x € [0, 1]
can be written x = Y~ ak3_k with a, € {0,1,2}, and removing
the middle thirds amounts exactly to forbidding the digit 1, so that C =
v 2 ap € {0,2} for cvery kY. One need only resolve the ambiguity of
ternary expansions, for instance by writing 1/3 = 0.0222 . . . rather than
0.1000 . . .; this way 1/3 and 2/3 both belong to C.

Paradoxical properties. The set C combines properties that seem incom-
patible. It is compact, being a closed (intersection of the closed sets C,) and
bounded subset of R. It is totally disconnected, meaning it contains no
interval: a nontrivial interval [a,b) is too long to fit inside a single piece
of length 37" once n is large enough, so it must meet a removed third. Yer
it is perfect, that is, closed with no isolated point: by altering the ternary
expansion of a point x € C from some sufficiently large rank onward, one
produces points of C distinct from x that converge to it. It has Lebesgue
measure zero, since A\(C) < AN(Cy) = (2/3)" for every n. And despite
this zero length it bas the cardinality of the continuum: the correspondence
ay <> a2 gives a bijection between C and {0, YN, bence a surjection
onto [0, 1] via binary expansion (the countable ambiguity at dyadic points
does not affect cardinality, by a double injection), so |C| = R0 — ¢ 4ud
C has as many points as the whole segment.

Fractal structure. The set is self-similar: C = %C U (%C + %) is the
union of two copies of itself scaled by a factor 1/3. The dimension theorem
under the open set condition (admitted here) gives d = log N/ log(1/r)
for N similarities of the same ratio O < r < 1. Here the images of (0, 1)
are disjoint and contained in (0,1), verifying the condition and giving
a fractional Hausdorft dimension dyy = log 2/ log3 ~ 0.631, between
that of a point and that of an interval. Topologically, C is homeomorphic to
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the abstract Cantor space {0, N with the product topology, and a theorem
of Brouwer (1910) supplies the converse: every nonempty compact, totally dis-
connected, perfect metric space is homeomorphic to it, making C a universal
model. Varying the lengths removed (taking away 1 / 4, then 1/16, and
s0 on) produces the Smith—Volterra—Cantor set, or “fat Cantor set,” which
keeps the same topological structure while having strictly positive measure,

for instance 1/2.

Applications and legacy. The Cantor set runs through several fields. In
measure theory, it shows that an uncountable set can be negligible, sharply
separating “topologically small” from “small in measure.” In set theory, it
accompanies Cantor’s introduction of infinite cardinals and bis proof that
|R| > |N| (1874, later by the diagonal argument in 1891). In topology
and dynamics, the abstract Cantor space reappears everywhere, from p-adic
spaces to symbolic dynamics and coding theory. It is finally the prototype
of the fractal attractor, on which Mandelbrot drew in founding the theory
of fractals (1975). History also records that Cantor faced the hostility of
Kronecker, to whom is attributed, via Weber’s 1893 memorial address, our
only source for the remark, the saying “God made the integers, all the rest
is the work of man’; Cantor’s ideas on the actual infinite are today counted
among the most fertile sources of modern mathematics.
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FURTHER READING

* Fréchet, M. (1906), thesis introducing metric spaces.

* Kelley, J. L. (1955), General Topology, Van Nostrand.
* Munkres, J. R. (2000), Topology, Prentice Hall.

» Willard, S. (1970), General Topology, Addison-Wesley.
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