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PREFACE

This book is an invitation. It is addressed to the student who enters
formal mathematics (perhaps with curiosity, perhaps with apprehension)
and who discovers that behind the calculations of middle school lies
an architecture. The aim is not to know everything by the end of the
reading, but to begin to see: to see that 2 + 3 X 4 is not a sequence
of arbitrary gestures but a hierarchy, that the Pythagorean theorem ties
form to number, that the chain N C Z C Q C R C C tells a story of
successive enlargements, each step motivated by an equation that refused
to be solved in the previous setting.

This first volume teaches the first words of the mathematical language:
number, distance, angle, equation, function, symmetry. It leads from
school arithmetic to the threshold of university mathematics. It covers
the core of secondary-school mathematics, and adds, where they illumi-
nate the fundamental ideas, a few glimpses of the university curriculum.
It is divided into seven parts: language, computation, and proof; plane
geometry; geometry in space; complex numbers; functions, sequences,
and analysis; probability and statistics; conics. It presupposes no prior
knowledge beyond elementary arithmetic. It prepares the reader for the
next volume, Foundations, which builds the foundations of university
mathematics.

The notation follows the French original, with English conventions
for intervals, decimal points, and the names of standard operations: N
for the natural numbers, R for the reals, f: 4 — B for a map, and so
on. When a notation is introduced for the first time, it is defined in the
body of the article that uses it.

The reader should not worry about failing to understand everything
at the first attempt. Mathematics is read slowly, pencil in hand, and it
is normal to return to a passage, to redo a calculation, to let an idea
ripen before coming back to it. This book is not an examination: it
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is a companion for the road. May it open the way to the austere and
luminous beauty of mathematical structures.



vii

TO THE READER

This course articulates in five volumes the grammar by which reality com-
poses itself: over fifteen hundred articles of mathematics, from the first
whole number to the Langlands correspondence and from the brachis-
tochrone to the amplituhedron. The undertaking is vast. The author does
not claim it is without flaws; he asserts it is sincere.

Each article develops a single idea, from its motivation to its inter-
pretation. Definitions are framed. Results (propositions, theorems) are
marked by a bold label; in Volumes II and III, major theorems are fur-
ther framed in red. Proofs are present where they illuminate, sketched
where full rigor would have obscured the point, and stated without proof’
when their difficulty exceeds the article’s scope. The text distinguishes
these three cases.

Ten mathematical objects run through the collection as recurring ex-
amples: the circle St, the integers 7Z, the extension Q(/2), the elliptic
curve y* = x°> — x, the group GL,, the function ¢(s), the space L?, the
ring K[X], the symmetric group &3, and the torus T2. From trigono-
metric computation to the Langlands dual group, from the harmonic
oscillator to Montonen-Olive duality, each of these objects reappears at
every level with renewed depth. When one manifests itself, the text sig-
nals it.

The figures, numbering more than eight hundred, have been drawn
with the care that a pocket format demands: every line has a reason for
being, every label is clear of every curve, and the palette is limited to
four colors. They do not replace proof; they precede it. The reader who
looks at the figure before reading the theorem will often understand the
statement before having read a word of it.

In volumes I-III, each chapter extends into graded exercises (prac-
tice exercises, method studies, expeditions), whose detailed solutions are
printed upside down at the foot of each exercise: the reader may attempt
the exercise without seeing the answer, then read it by turning the book
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around. Whoever engages with them will find a teacher, never an exam-
iner.

The reader may follow the linear path or take the cross-volume pas-
sages. Volumes I through III form a continuous progression from sec-
ondary school to the master’s level. Volume IV ascends toward the Lang-
lands program; Volume V, toward mathematical physics. Both assume
Volume III but may be read independently of each other.

Further reading points to English editions where these can be identi-
fied, or to verified English alternatives with the same purpose. Historical
attributions are retained; works available only in another language are
identified as such. These readings extend the course rather than form
part of its prerequisites.

Every error reported is an error corrected.
wdf@clementinium.com
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NOTE ON THE LEVELS

The five volumes follow a progression from the first mathematical objects
to questions of research:

* Elements (I): secondary-school mathematics, from arithmetic to the
first proofs.

* Foundations (IL): the foundations of university mathematics.
* Graduate Mathematics (II): deeper study and preparation for research.

* Correspondences (IV): the research level, from class field theory to the
Langlands program.

* Mathematical Physics (V): the research level, from symmetries to
strings.

These levels guide the reader without imposing an academic timetable.
Parts and chapters mark the stages of the journey; the pace depends on
the reader’s background and the questions they wish to explore.
Volumes I, II, and III successively build the prerequisites for the next
volume. Readers may enter at the level for which they have the neces-
sary background. Volumes IV and V share the foundation of Graduate
Mathematics and may be read independently of each other. The bridges
at the beginning of each volume explain the change in perspective.



NOTATIONS

N natural numbers

Z integers

Q rational numbers

R real numbers

C complex numbers

S belongs to

(@ is a subset of (equality allowed)
U union

N intersection

%) empty set

P(E) power set of E

v Sfor all

3 there exists

= implies

= is equivalent to

|| absolute value of x

Vx square root of x

[a, b], (a, b) closed and open intervals

< > less than or equal, greater than or equal
#* is not equal to

~ is approximately equal to

s ratio of circumference to diameter
[es) infinity

sin, cos, tan trigonometric functions

£ (%) derivative of f at x

Lbf(x) dx integral of f from a to b
D sum for k from 0 to n

! factorial of n

(Z) binomial coefficient

i imaginary unit, P = =i

z conjugate of the complex number z

2] modulus of the complex number z



arg(2)

Re(z), Im(z)
Un

limy,— 4 0o Un
_>

a=b (mod n)
ged(a, b)
lem(a, b)

2(4)

P(4 | B)

E(X)

V(X)

NOTATIONS xi

argument of the complex number z
real part, imaginary part

general term of a sequence

limit of a sequence

tends to

vector u

norm of the vector i

dot product of il and U
cross product of vl and v
determinant of two vectors

Euler’s number (e ~ 2.718)
natural logarithm of x
exponential of x

a divides b

a and b are congruent modulo n
greatest common divisor

least common multiple

probability of the event A

probability of A given B

expectation of the random variable X
variance of the random variable X
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Part I

Language, Computation,
and Proof

Computation comes first: numerical and algebraic expressions, or-
der and absolute value, equations and inequalities. Proof follows,
with sets, quantifiers, and the principal modes of reasoning. The
arithmetic of the integers runs from Euclidean division to prime
numbers and congruences. The study of the quadratic polynomial
ax® + bx + ¢, of its discriminant and its vertex form, opens the
first questions of optimization.



CHAPTER 1

NUMERICAL AND ALGEBRAIC
COMPUTATION

Every grammar begins with an alphabet. Before formulating theo-
rems or building theories, one must learn to write: setting the order of
operations, handling fractions and powers, and recognizing standard al-
gebraic identities. These rules are not arbitrary conventions; they are the
elementary syntax of a language in which reality can be described.

Articles in this chapter:

[e]o)

002.

003.

004.

00s.

006.

007.

Notation, Precedence, Numerical Computation —Why 2 + 3 X 4
is not 20: arithmetic is not read left to right

Fractions, Powers, Roots — Three families of notation that appear
everywhere; mastering them is equipping oneself for what follows
Proportionality and the Rule of Three — Proportionality is the sim-
plest model of a relationship between two quantities

Expanding and Factoring — The same expression can be written
in expanded or factored form; each form has its uses

Standard Algebraic Identities — Expanding (a + b)* always gives
the same pattern: not by chance, but by distributivity

The Binomial Theorem —We know (a + b)%; what bappens for
(a+ b, (a+b)* and beyond?

Inequalities and Common Computational Errors —Many errors
come from applying rules of equality, wrongly, to inequalities

I. NOTATION, PRECEDENCE, NUMERICAL COMPUTATION.
WHAT is 2 + 3 X 4> Many readers, the first time, answer 20. We
read left to right, add first, multiply second, and the calculation

seems finished. The answer, though, is 14. The mistake is not
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one of carelessness; it is one of grammar. A computation is not a
sentence to be read in sequence. It is a structured expression, and
that structure obeys strict rules of precedence.

Why do these rules exist? Without them, a single string of symbols
would produce different numbers in different hands. Notation
would become ambiguous, and ambiguous notation is useless. The
order of operations is the shared convention that resolves this.
The figure below sums up this hierarchy and shows why multipli-
cation executes before addition in 2 4 3 X 4.

2+3X4

2+12

l

14

Order of operations: the tightest-binding operations execute first

DEFINITION 1.1: Operations are performed in the following or-
der of precedence:

1. parentheses (starting from the innermost),
2. exponents,

3. multiplications and divisions (left to right),
4. additions and subtractions (left to right).

A minus sign that marks the opposite of a number, as in
—3?, is treated as multiplication by —1: after exponents.

The logic is hierarchical: the tighter an operation binds its
operands, the earlier it executes. Exponentiation binds more
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tightly than multiplication, which binds more tightly than addi-
tion. Think of punctuation: a comma separates less sharply than
a semicolon, and a semicolon less sharply than a period. The
analogy is one of hierarchy, not of execution: in 2 + 3 X 4, the
multiplication binds 3 and 4 into a unit before addition acts.
Why does multiplication come before addition, and not the
reverse? Because sums of products are everywhere: a total price
3 X 4.50 + 2 X 1.20, an expression 3x + 2. With this convention
they need no parentheses at all; the opposite convention would
require them on every line. The rule picks the most economical
notation for the most frequent expressions: it is a convention, but
not a whim.

exampre: Compute 5+2 X (3° — 1) = 4. Start with the parentheses;
inside them, the exponent comes first: 3> = 9, then the subtraction:
9 —1 = 8. Next the multiplication: 2 X 8 = 16. Then the division:
16 = 4 = 4. Finally the addition: 54 4 = 9.

Parentheses are not decoration. They are an instruction: “evaluate
this first, whatever the usual precedence dictates.”

exampre: Compare (243)X4 = 20 and 2+3 X4 = 14. The symbols
are nearly identical, but the parentheses change the structure, and
therefore the result.

The fraction bar, too, plays a structural role that is easy to over-
look: it acts as invisible parentheses around the numerator and

] ... 23
the denominator. Writing % means (2 3) <4, not 2+3 4.

common ErROR: Confusing —3> with (—3)*. The expression —3*
means —(3°) = —9: the exponent applies to 3 alone, and
the negative sign applies afterward. The expression (—3)* means
(—3) X (—3) = 9: the exponent applies to the number —3 as a
whole. A single placement of parentheses flips the sign of the
result.

Precision in notation is the first form of mathematical rigor, and
the most easily neglected. A line of reasoning can be correct in
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the mind and false on the page. Respecting precedence, placing
parentheses where they belong, writing each intermediate step
with care: this is where all serious work begins. Not because the
conventions are sacred, but because without them notation stops
doing the one thing it was designed for: communicating unam-
biguously.

The first exercise checks that precedence is respected in a calculation with
several levels: division before the addition and the subtraction. The second
tests the most common trap in this chapter: confusing —a® with (—a)*,
which changes the sign of the result.

* Compute 4+ 6 -2 — 1.

-fauronrd sey uorstatp 1eyy SumoaSioy sy o1 = 9 + %
Surop :10115 UOWWOD 9 HIAMSUY ‘9 = | — £ Uad ‘£ = ¢ + % 2y 03 3] woiy (£)
T — € + ¥ sow0daq uorssaxdxa YL (2) ¢ = ¢ + 9 :uorsIAIQ (1) 1ySu 01 3] woxy
SUOTIBIIqNS PUE SUOLIPPE USY2 ‘UOISIAIP 151y :suonerado jo 1apro a1 A[ddy :uonnjog

* Without a calculator, what are —S* and (—5)>?

“Surueowr a1 28ueyd sasayauareq sz pue sg— :sudrs aasoddo aaey
s1omsue om1 YL antsod st aaneSou e sown aaneSou e asnednq sz = (s—) X (5—)
= Z(g_) 0s ‘¢— raqunu a[oym a2 o1 sarjdde Jusuodxs a1 ‘Z(g—) 104 ‘Sg— = (Zg)_
= ,$— os ‘uds snutw a1 01 10U ‘g 01 A[uo sardde 1usuodxs o1 ¢ ¢ — 107 :wonnjog

2. FRACTIONS, POWERS, ROOTS.

Cawone add 2 and % by simply adding the tops and the bottoms?

Does 2° x 2° equal 2 Is 1/9 + 16 the same as /9 + 1/16? In each
case the quick answer is tempting and wrong. Fractions, powers,
and roots each follow their own grammar, and that grammar
admits no guesswork.

These three families of notation are the building blocks of nearly
every algebraic calculation. One learns their rules once; after that,
they run in the background of every computation that follows.
But the smallest confusion produces errors.
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. . a
DEFINITION 2.: A fraction is an expression 3’ where 4 and
b are numbers (most often integers) with b # 0; a is the
. . a c
numerator, b the denominator. Two fractions 3 and 7 are

equal, that is, they represent the same number, if and only
ifaxd="bxc

ruLk: To add two fractions, bring them to a common denomi-
nator. To multiply them, multiply numerators together and de-
nominators together. To divide by a nonzero fraction, multiply
by its reciprocal.

2 5 4 5 9 3 3 9 3 8
EXAMPLE: — + - = —+ - == =2, A4dnd =~~~ == x - =
3 6 6 6 6 2 4 8 4 9
2%
36 3
. . 1 1 2 1
Adding the tops and the bottoms would give — + - = — = E:

4
two halves would make one half. Parts can be added only when
they have the same size, that is, the same denominator.

Addition requires common ground: a shared denominator. Mul-
tiplication, paradoxically the simpler operation, needs none. But
fractions alone are not enough. The moment a calculation in-
volves repetition, we need a notation that compresses many iden-
tical factors into a single symbol.

DEFINITION 2.2: For any real number 4 and any natural num-
ber n > 1, we set 4" = aXaX -+ X a For a # 0, we
————

7 times

further set, by convention, AL =landa " = =
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ruLE: For a,b # 0 and integers m, n, powers satisfy:

a —
anam _ an-i—m7 4 _ ﬂn m’ (an)m _ anm7
am
n
a\” a
n nyn
(ab)" =a"b", (7) = —.
b b"

Multiplying powers of the same base amounts to adding their
exponents. The reason is immediate: 4> x &’ is three copies of a
multiplied by five more, giving eight in total.

The same rule explains the conventions in the definition. For

n

a - . -

— = 4"~ to remain true, we need 2° = 1; for a" xa " = 4° = 1,
a

— 1 .

we need 4~ ” = —. These are the only conventions that keep the

a
rules valid for all integer exponents.

Exampre: 28x2°+2% = 237574 = 9% — 16, 4nd (3*)* = 3¢ = 729.

DEFINITION 2.3: For any real number a > 0, the square root
\/a is the unique nonnegative real number whose square
equals 4: (1/a)> = a. The existence of this number is taken
for granted here.

ruLE: For a,b > 0: /ab = \/a-/b and \/%: % (with & > 0).
But beware: \/a + b # \/a + /b in general.

The square root distributes over products but not over sums. This
is one of the most persistent traps in computation: the impulse to
split a symbol across a sum is a reflex one must learn to override.

1
EXAMPLE: /50 = /25 X 2 = 5v/2. To rationalize —, multiply

V3
1 V3
top and bottom by \/3: — = —.

P Y V3 5= 3
A single thread runs through all three families: they organize
multiplication, its repetition, and the operations that undo them.
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The fraction 2 undoes multiplication (b X g = a). The power a”

compresses repeated multiplication into one symbol. The root /a
undoes squaring on nonnegative numbers; in general, Va2 = |x],
the absolute value of x (article 0o8). This architecture of opera-
tions paired with their reversals runs through the whole of alge-
bra, from the fractions we meet here all the way to the logarithm,
which will one day undo the exponential.

The article covers three families of notation, and each deserves its own
short drill. The first exercise tests addition of fractions and the search
for a common denominator. The second checks the exponent rules: add
exponents for a product, subtract them for a quotient. The third tests

simplification of a square root and the trap \/a + b # \/a + /b.
(¢f 1/ 2 + >
* Compute — + —.
4 3 4

LT = 0SL0 + £99°0 & £ + £ pue LIpT &~ § 5pay0
g 3 e X X € € g

7 = § + § isIownpwnu oyl ppy % = % e % pue % = ZTZ = 7 M2AU0D
“ZI ST % pue ¢ Jo o[dn[nur UOUIUIOd 53] Y1 :IOIBUTWOUIP UOUIWIOD B 3S() % PUE ¢

.a a u
+

‘IUSI3PTP 2T' SIOIBUTUIOUIP Y3 sNeIaq /(I]JQJIP P3pPpe 2q 10UUED SUOTIdEIY 9], UOonNJos

o Simplify 2° x 2% + 25,

Y = %9 + 95T
PUE %9 = T9ST =8 X TER = T CE = TAPUD ¥ = T =, T= .0+
uay I, 'gz = €+SZ = {Z X SZ 1SIT] "UOISIATp IOj WA 1deIlqns pue UO!JEDHJ!]

-[nw 10y s1uauodxa ppe [Ny INoYSnoryl ‘gz A[Pweu ‘oures oy ST aseq YL ‘UONN]OS

o Simplify \/75. Then check that \/4 + 9 # \/4 + /9.

's1001 arenbs a1 JO wns 3y 10U ST WS € JO 1001 arenbs oy, °g # 909°¢ SNYL
S=¢€+T =6/ +H AU 909€ & TN =6+ F/N ‘denopriog gL = € X T
= [(eN9) MUD gNS = gNSTN = € X TN = su/N wEam ¢ ¢ = T pue

€ X §g = ¢/ 2ours g/ Jurpiarp axenbs 132312d 1598re[ 212 J0§ 0O[ ‘£ A 104 :uOTIN[OS
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3. PROPORTIONALITY AND THE RULE OF THREE.

Two candies cost one euro, so four cost two. A child sees this
without instruction: double the quantity, double the price. The
reasoning feels so self-evident that one might take it for a uni-
versal law. It is not. Double the temperature of an oven and the
cake does not bake in half the time. Proportionality is the simplest
model relating two quantities; the real difficulty lies in knowing
where it applies and where it deceives.

DEFINITION 3.: ' Two quantities are proportional when one is
obtained from the other by multiplying by the same fixed
number, called the constant of proportionality.

exampre: If 3 kg of apples cost €450, the constant of proportion-

.. 450 . . ;
ality is = = 150, that is, €1.50 per kg. The price of 7 kg is
therefore 7 x 1.50 = 10.50, or €10.50.

The constant is the single number that binds the two quantities:
once it is known, every value on one side determines the corre-
sponding value on the other. Three values suffice to find a fourth;
that is the purpose of the rule of three.

rure: The rule of three (cross-multiplication) states: if g = 2,
then a X d = b X c¢. Given three of the four quantities, the fourth
is uniquely determined whenever the required division is by a
nonzero number.

exampre: If 3 kg of apples cost €4.50, how much do 5 kg cost?

.. . 4.50 L
The quantities are proportional, so = = f. Cross-multiplying

gives 3x =5 X 4.50 = 22.50, so x = 7.50: the price is €7.50.
The rule of three assumes direct proportionality. The next example
shows what changes when the relationship is inverse.

EXAMPLE: Assume each worker maintains the same productivity
and the job can be shared without lost time. 5 workers com-
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plete a job in 12 days. How many days for 8 workers? Here the
proportionality is inverse: more workers, fewer days. The prod-
uct workers X days is constant: 5 X 12 = 60, so 8 workers take
60 =8 = 7.5 days.

This example exposes the crucial distinction: inverse proportion-
ality runs against the intuition of direct proportion. Increasing
one factor decreases the other. The type of relationship must be
identified before the method is applied.

DEFINITION 3.2: A percentage is a fraction with denominator

15
100. To say “15% of x” means Tog X X = 0L

exampLE: Increase a price of €120 by 15%: the new price is 120 X
115 = 138, that is, €138. Now decrease it by 15%: 138 X 0.85 =
117.30, that is, €117.30. The original €120 does not come back. A
15% rise followed by a 15% fall does not cancel out, because the
two percentages apply to different base amounts.

This catches most people off guard. It becomes clear once a per-
centage is seen as a multiplication: a 15% increase multiplies by
1.15, a 15% decrease by 0.85. The two changes therefore combine by
multiplication: 115 X 0.85 = 0.9775, an overall decrease of 2.25%.
To return to the starting price, one would have to divide by 1.15,
that is, decrease by about 13.04%. The arithmetic is straightfor-
ward, yet the insight extends to compound interest, inflation ad-
justments, and every setting where successive percentage changes
accumulate.

Direct proportionality (the quotient y/x stays constant) and in-
verse proportionality (the product xy stays constant) must be care-
fully distinguished. The direction of variation does not settle the
matter: for x > 0, y = x” increases with x without being propor-
tional to x. Graphically, direct proportionality has a clean signa-
ture: the data points lie on a straight line through the origin.
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(4, 6)

(0] x

Direct proportionality: points aligned on a line through the origin

The figure confirms it: proportional pairs fall on a line through
the origin; any point off that line signals a departure from the
model.

Speed, scale on a map, chemical concentration, currency ex-
change: proportionality is the first mathematical model one en-
counters, and often the last one reaches for when the situation
grows complex. Learning to recognize it matters; learning to re-
ject it when it fails matters more. That discrimination, between a
pattern that holds and one that merely resembles, is the starting
point of all serious modeling.

The first exercise tests inverse proportionality: the trap is that more
workers mean fewer days, not more. The second checks why an increase
followed by a decrease by the same percentage does not return to the
starting point.
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* 8 workers complete a job in 6 days. Assuming constant individual
productivity and no time lost in sharing the job, how many days would
12 workers need?

*SI93IOM dI0W 10§ sKep s10wr 2AIS pnom yITYM ‘skep
6=9 X % “fnpeuonodoxd 1ax1p Surjdde :1o1rs wowwod 9 X § = 8% = % X TI
33D 'SABP = [ 8% PI2U SISFIOM ] SNYL "8% = 9 X § :IULISUOD ST SABP X SIIOM
1onpoird oy, ‘sep 1amay ueaur sxasrom axowr :Aipeuontodord as1aAur st STYL :uonn[os

* An item costs €250. Its price is increased by 20%, then reduced by
20%. Is the final price €250
‘%% JO 2SEIIDIP [B101 E ‘96°0 = 08'0 X 0TI 2A18 08'0 Aq uoy2
pue 071 £4q Surddnnu ‘eraus$ uy -Junoure swres a1 1uasardar 10u op saferussrad omy
9YL 09 SI9BNIQNS PUE (QE WO UNEI ST ISBIIIIP %0T Y2 INq ‘0§ SPPE PUE 0ST WOy

u23[e1 ST ASLIIIUT %407 YL AYM "0%¢> Inq 053 10U st 2911d [euy YT, "0%¢3 ‘ST 1eYd
‘0%C = 08'0 X 00 “UORINPNY "00ED ‘ST I8 00 = OT'T X 0ST DSLIIU :uOnIN[Og

4. EXPANDING AND FACTORING.

Look at the expression 2x* — 7x — 15. As it stands, it tells us little
at a glance. Now write the same expression as (2x + 3)(x — S):
immediately we read off the values that make it vanish, called its
2 and x = 5. The numbers have not changed; only
the form has, and with it what we can see at a glance. An algebraic

expression, like a sentence, can be rephrased without altering its

roots: x — —

content. The expanded form lays the terms out; the factored form
presses them into a product. Each illuminates something the other
hides.

DEFINITION 4.: Expanding means transforming a product
into a sum. Factoring means transforming a sum into a prod-
uct. They are the two directions in which one equality can
be read.

RULE: Simple distributivity: k(a + b) = ka + kb. Double distribu-
tivity: (a + b)(c + d) = ac + ad + bc + bd.
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c d
a ac ad
b be bd

(a+b)(c+d) = ac + ad + be + bd

Double distributivity: each cell contains a partial product

ExAmpLE: Expand (2x+3)(x—5). By double distributivity: 2x - x -+
2% (—=5)4+3-x+3-(—5) = 2x* — 10x+ 3x — 15 = 2x* — 7x — 15.

Expanding is mechanical: multiply every term of the first factor
by every term of the second, then collect like terms. Factoring
is the harder move. It requires seeing a hidden common factor,
recognizing a structure where only a sum of terms is visible.

RULE: To factor out a common factor, identify the greatest com-
mon factor of all terms and place it in front.

examrrE: Factor 6x° —9x”. The common factor is 3x*: 6x> —9x* =
3x%(2x — 3).

A second resource comes in the next article: recognizing a stan-
dard algebraic identity, a perfect square or a difference of squares.
Which form to use depends entirely on the problem at hand.
To solve an equation of the type “product equals zero,” we need
the factored form: 4 x B =0 if and only if 4 =0 or B=0 (a
property of the real numbers, taken for granted here). To simplify
or compare expressions, the expanded and collected form is often
more convenient. The choice is strategic: which representation
makes the problem transparent? This is a lesson that reaches well
beyond algebraic computation. In mathematics, the difficulty of
a problem often depends less on its substance than on the angle
from which we approach it.
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Expanding and factoring are two readings of a single reality: one
spreads out, the other condenses. This back-and-forth between
two forms of the same expression is the first instance of a gesture
that pervades all of mathematics: shifting the viewpoint to reveal
what was, a moment ago, invisible.

Both exercises test factoring out a common factor: find the greatest com-
mon factor, and, in the second, do not forget the term that becomes
1.

o Factor 12x* — 8x.

wg— = (¢—) - X% puUE XTI = X¢ - X% :Surpuedxa
£q }2ayD (T — X)Xy = x8 — XTI 110108 "X ST 10198} UOWIWIO Y3 SNy, “Jusuodxa
I[[EWS 9Y) YA ‘UOUIWOD UL X IATY X PUE X ‘SIQELIEA 3y 101 F = (8 ‘TI)poS

‘SIUAIOYIA0D YY) IO 'SULIA) OMI Y3 JO JOIDBJ UOWIWOD 153181 31 I0J YOO :UOmN[os

o Factor 156° — 10x% + 5x.

‘0 10U ‘T $2W003q X§ WrId 1se[ Y1 ey Jumadioy ((xg — XEXS Sunua o1
UowwIo) xg = I - X < X0I— = (xg—) - x¢ XS] = X€ - Xg :Burpuedxs £q y2yD
(14 xg — KEXS = XG4 XOT — (XS] :XG ST 10198] UOWIUIOD I3 SNYT, "UOUIUIOD UL X
ABY X PUE ¢ X ¢ X ‘SIqEHEA 21 10 ¢ = (S ‘0T ‘ST)Pas ‘S1UandIY20d oY1 107 :UONN[OS

§. STANDARD ALGEBRAIC IDENTITIES.

Expanp (2+3)* = (2+3)(2+3) term by term, then (104 1), then
(a + b)*. Each time the same pattern appears: a square, another
square, and a doubled product between them. This regularity is
not a coincidence. It follows directly from double distributivity,
seen in the previous article, and it condenses into three formulas
so ubiquitous that they have earned their own name: the standard
algebraic identities.
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proposITION s.i: For all real numbers 4 and b:
(a+ b =a + 2ab+ b

ANNoTATED PROOF: We expand by distributivity: (4 + b)* = (a +
Wa+b=a-ata-b+b-atb-b=ad+2ab+ b

The figure below gives a proof without words. For a,b > 0, a
square of side a4 + b splits into four regions whose areas are 2,
ab, ab, and b*; the algebraic computation above holds for all
reals. Algebra and geometry say the same thing; the two shaded
rectangles, each of area ab, account for the coefficient 2.

b ab v?
a a2 ab
a b

Geometric proof: the square of side a ++ b decomposes into four regions

PROPOSITION 5.z: For all real numbers 4 and &:
(a—b’ =da —2ab+ b

examrre: Compute (3x—2)*. With a = 3x and b = 2: 3x—2)* =
(Gx)? —2-3x-2+2% = 9x* — 12x + 4.
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PROPOSITION 5.3: For all real numbers 4 and &:
(a+ba—b=a b

This third identity is perhaps the most elegant. It says that the
product of two numbers equidistant from a midpoint falls just
short of the square of that midpoint; the shortfall is the square
of the offset.

exampLE: How much is 101 X 992 Write 101 X 99 = (100 +1)(100 —
1) = 100> — 1> = 10000 — 1 = 9999. An identity turns a product
into mental arithmetic.

PROPOSITION 5.4: 1dentities of degree three. For all reals 4 and &:
(a4 b =2 +34°b+3ab” + 1,
(a— b)3 =4 —34°b+ 3ab” — b,
&40 =(a+b)d —ab+ b,
a2—b = (a — b)(a2 + ab + bz).

The first two come from expanding (4 + b)* (a & b), the last two
from expanding the right-hand side. They extend the second-
degree identities and come into play as soon as a cube appears.
These identities work in both directions. Turning a product into
a sum is expanding; turning a sum into a product is factoring. The
strength of these identities lies in this reversibility; the direction
one chooses depends on what the problem requires.

examrLe: The expression x> —6x+9 can be recognized as x> —2-x-
34-3% = (x—3)*. Likewise, 4x*>—25 = (2x)*—5> = (2x—5)(2x+>5).

Three formulas of degree two, four of degree three, two direc-
tions, applications beyond counting. From mental arithmetic to
equation-solving, from factoring to the study of functions, these
identities run through the whole of secondary mathematics and
well beyond it. They form a core vocabulary that one uses con-
stantly, often without remembering that it was once learned.
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The first exercise practices the identity (a— b)* in a case with coefficients:
identify a = 5x and b = 3, and do not forget the double product. The
second uses (a + b)(a — b) for mental arithmetic by turning a product of
two numbers near a pivot into a square minus a square.

* Expand (5x — 3)*.

‘6 ++ X0€ — ,XST MUY
'6 = L€ PUE X0E = € X X§ X T st npoxd s[qnop oy ‘[am se parenbs st 3uBYI0d
a1 05 € XGT = X ¢ = Z(xg) e 6 + X0E — XST = £+ € X X6 X T — z<x5)
o8 g + qre — v = (q — v) B0} YL ¢ = q puE X§ = 7 AJnusp] :uonnjos

* Compute 52 X 48 mentally.

“OnAWYILIe [eausw £ses orur 1onpoid
43 swIm1 KInUSPT PIEPUEIS V “96%C = H0I — 0097 = T X TS — 05 X TS = 8% X TS
2D ‘96HC = ¥ — 00ST = ,C — 05 = 8% X TS SUYL "C = ¢ PueL 05 = ¥ (A
A— 2= (q — »)(q + ») f&anuapr aya st sy (T — 05)(T + 06) 2zruSoday :uonnjos

6. THE BINOMIAL THEOREM.

wE know how to expand (4 + b)*. With some patience, (a+b)* =
& +34%b + 3ab” + b can be worked out by hand. But (a + b)"?
(a + b)*°? Applying distributivity term by term quickly becomes
impractical. We need a general formula, and one exists: the bi-
nomial theorem. It rests on a triangle of numbers whose appar-
ent simplicity conceals a striking depth. The formula for whole-
number exponents and the triangle are old: they appear with al-
Karaji around the year 1000, with Yang Hui in the thirteenth
century, and with Pascal in 1654. Newton extended the formula
to fractional exponents around 1665, which is why French text-
books call it Newton’s binomial.

Before we can state the formula, we need its basic ingredient: a
number that counts how many ways one can select k objects from
a collection of 7.
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DEFINITION 6.1: For integers n > 0 and 0 < k < n, the
binomial coefficient is

Q>_M@;w

where n! =1 x 2 X --- x n (with 0! = 1).

We will prove below that this number counts the ways to choose
k elements from 7.

ExampLE: For n = 4: (4) =1, (4) = 4, (4) = 6, (4) = 4,
4) _

() =1

The values form a palindrome. This is no accident: exchanging &
and 7 — k leaves the formula unchanged, and once we know that
(Z) counts choices, choosing k elements from 7 will be the same
as deciding which n — k elements to leave out.

PROPOSITION 6.2: Pascal’s triangle. For n > 2 and 1 < k < n —

1, that is, except for the Is at the two ends of each row, each
binomial coefficient is the sum of the two directly above it:

)=+ ()

ANNOTATED PROOF: Bring the two fractions to the common de-
nominator k! (n — k)! by multiplying the first by & and the second
by n — k, top and bottom:

(n—1)! -1 (=1 (k+(n—k)
(k—1(n—k! kn—1—Fk k! (n — k)

TR
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prorosITION 6.3 For 0 < k < n, the number of ways to choose k
elements from 7 is (Z)

ANNOTATED PROOF: Call this number N(n, k). There is one way
to choose nothing and one way to take everything: N(n,0) =
N(n,n) = 1. For 1 < k < n — 1, set one of the n elements
aside. A choice of k elements either contains it, and then k& — 1
elements remain to be taken from the other » — 1, or does not
contain it, and then all & elements are taken from the other »—1:
N(n,k) = N(n—1,k — 1)+ N(n — 1, k). So the numbers N(n, k) take
n

the same values as the (k) at the ends of each row and are built
by the same rule; row after row, they are equal to them.

This recurrence builds the coefficients row by row, like a wall of
bricks: each entry is the sum of the two entries just above it. The
first few rows read 1;11;121;13 3 1;1 4 6 4 1; and so on.

1 1
1 2 1
1 3 1
1 4 \6/ 4 1
1 5 10 10 5 1

Pascal’s triangle: each coefficient is the sum of the two above

The diagram makes the construction visible: each entry is the
sum of its two parents, and the symmetry of each row reflects the

identity (7) = (,”,)-
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PROPOSITION 6.4: The binomial theorem. For all real numbers 4, b
and every integer » > 1, with the convention x° =1 for every
real x (including x = 0) inside this formula:
~ (n ko k

a+b)' = atb

(a+b) kXZj .
The symbol > abbreviates an indexed sum: ZZ:O ty =to+t +
-+ + ty. Indexed sums will be practiced in their own right in
chapter 15.
ANNOTATED PROOF: Expanding (a+b)" = (a+b)(a+b)---(a+ )
means choosing either 4 or b in each of the # factors, then adding
all the products obtained. The product 4" *#* appears each time
b is chosen in exactly k factors: as many times as there are ways to
choose those k factors from 7, that is, (Z) times by the previous
proposition. After collecting terms, the expansion has # -1 terms.

examrre: Expand (x + 2)%. The row n = 4 gives coefficients
1,4,6,4,1. So (x+2)* = x* + 40> - 2+ 62 - 4+ 4x -8+ 16 =
x* 4 8x> + 24x” + 325 + 16.

When a4 = 1, the coefficients of (1 + x)” are directly the (Z)

examrre: (1—x)° = 1—3x+3x> —x°. The signs alternate because
b= —x.

The binomial theorem is more than a computation shortcut. It is
a first bridge between algebra and combinatorics: between formal
identities and the act of counting. We will meet it again in prob-
ability, in Taylor expansions in the next volume, and in every
setting where counting and computing advance hand in hand.

The first exercise builds a row of Pascal’s triangle by hand, adding
adjacent coefficients. The second applies the binomial formula in a concrete
case with negative b, which makes the signs alternate.
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° Write the row n = 5 of Pascal’s triangle.
' =T =T+ S+ 0I+ 0+ ¢+ 17PYD TS 01 01 ‘S ‘T

MUY TS =T+ %0 =%+901T=9+%‘c = y-‘,—l‘[:spuaaqlwlmdpue
sited Ju2de(pe ppe ‘G = % MOI Y1 P[ING OL T ‘% ‘9 ‘% ‘I SI ¥ = % MOI 3], :UOHN[OS

* Expand (x — D%,

T=T1+8—%C+T€ —9IPue [ = (I — 7) T = X 18 3PYD

THXH — X9+ X — X AN T = [-[-1F = § 10 X¥p— = I—)- x5 =9
105 X9 = [ X -9:T =9 104 Xh— =({—)~{x~¥;:1=z[m:['§x=[-§x~{
0 = ¥ Iog 'suria) oy d[quuasse ¥ dorg -areuranye suds ayy, T = ‘,(I—) I— = (1)
T=0-)T— = (1-)1T=,(1-)1q30 s1amod :€ daig ‘T— = q pue x = » £yruapr

iz doag T % ‘9 ‘% ‘1 st opueIn s Jedse] JO F = % MOI Y, SIUADYY20d 1 darg :uonnjos

7. INEQUALITIES AND COMMON COMPUTATIONAL ERRORS.

ConsmEr the following chain of reasoning: “—3 < 1, so (—3)* <
12, s0 9 < 1.” The conclusion is absurd, yet each step looked
plausible. The error is subtle: squaring was applied to an inequality,
an operation that preserves order only under certain conditions.
Inequalities resemble equalities in appearance; they obey, however,
a more fragile logic. That fragility is the source of some of the
most stubborn errors in secondary mathematics.

ruLk: Adding the same number to both sides of an inequality
preserves its direction: if 4 < b, then a + ¢ < b + ¢. Multiplying
both sides by a positive number preserves the direction: if 2 < b
and k > 0, then ka < kb.

rure: Multiplying both sides by a negative number reverses the
direction of the inequality: if 2 < b and k < 0, then ka > kb.

This reversal is the central danger. Addition is safe: it shifts both
sides without disturbing their relative position. Multiplication by
a negative number, by contrast, acts as a mirror on the number
line; it flips left and right, and the ordering flips with them.
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a<b

kb < ka (k<0)

Multiplication by k < O: the ordering reverses as in a mirror

exampre: Solve —2x > 6. Divide by —2, which is negative: the
direction reverses. This gives x < —3. Check: x = —4 works, since
—2 X (—4) = 8> 6; x = 0 does not, since 0 > 6 is false.

The three errors below are variations on a single theme: applying
to an inequality an operation that does not preserve order.

common ERROR: “If a < b, then 4* < b>.” This is false in general.
COUNTEREXAMPLE: Take a — —3 and b = 1. Indeed —3 < 1, but
(=3P =9>1=1.

Squaring preserves order when both numbers are nonnegative, but
can reverse it as soon as one of them is negative.

The same trap, wearing a different disguise: for two nonzero num-
bers, taking reciprocals reverses order when both sides share the
same sign, but preserves it when the signs differ.

1 1
commoN ERROR: “If a < b, then — > Z.” This holds only when 4
a

and b have the same sign.
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1 1
couNTEREXAMPLE: Compare - and 3 We have —2 < 3, yet
1 1
- = —05<033... = 3 The inequality between the recipro-
cals goes in the same direction here, because the numbers have

opposite signs.

The square root lays a different kind of trap: it does not disturb
ordering (it preserves order on nonnegative numbers), but it is not
additive. It distributes over products, but not over sums: \/a + b
and /a + /b agree only when one of the two numbers is zero.

COMMON ERROR: “\/a? + b? = a + b.” This is almost always false.

COUNTEREXAMPLE: With a = 3 and b = 4: /32 +4%2 =
V9 + 16 = /25 =5, while 3+ 4 = 7. We bave 5 #£ 7.

The square root of a sum is not the sum of the square roots.

The common thread is always the same: an operation that works
unconditionally on equalities demands hypotheses the moment it
is applied to an inequality. Equality is preserved by every opera-
tion defined on both sides; keeping an equivalence additionally
requires the operation to be reversible on the domain consid-
ered. Order is fragile; it withstands only those operations that
respect its direction. This asymmetry is the reason that working
with inequalities is, in a genuine sense, harder than working with
equalities, and why errors concentrate there.

Knowing the traps is already half of avoiding them; but only half.
The other half requires understanding why a trap works: which
hypothesis was missing, which condition was silently assumed. In
mathematics, vigilance is not a character trait. It is a skill, and
one that can be trained.

The article presents three common errors, each worth a drill. The first
exercise practices reversing the inequality when dividing by a negative
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number. The second takes reciprocals of two positive numbers. The third

tests the trap \/a> + b> # a + b.

* Solve —3x < 9.

'€ — < X SuruIyuod ‘uonnjos € 10U ST — = X SNy, ‘3S[eJ ST
6>TU=F)—9— =%X1016>0=0-¢—‘0=X1016> 6= (6—)e—
‘€— = X 10§ IIYD 'E— < X DU (§—) + 6 < X $AIF 6 > XE— SNYL "SISIIAT

farrenbaur a2 jo wondaxp a1 ‘anedou st ¢ — 2ours *¢— £q SIPIS Y10q IPIAIQ UOHIN[OS

1 1
* If 0 < a<b, compare — and o
a

“I9pIO 22
5351041 sTed0xdroar Supyer ‘sraquinu 2antsod om1 104 % =6¢0>70 = % pue g > ¢
:a7d BRSO N (LA L Surd 2 £
Pdwexg ¢ > ¢ ‘staeqy ‘5 > 5 cuondaxp oy Surdueyd moqim T £q g > v Jo saprs

7
ya0q Adnmpu '? st 0s pue ‘aantsod st qv 1onpoxd a1 ‘9 < g puE ( < ¥ DUIS UONN[OS

* True or false: \/5* + 122 =5+ 12 = 17?

(s 7€)
I9)Je umouy 153q Y1 (€1 ‘z1 ‘) aydim uearofeyakg oy saaI8 €1 = LTI + (SN AIOH
0< qPMO =7vI109 < Ym0 = q 31 A[uo sppoy Larpenbg g +v £ 9 + PN
‘[exouag ur :s3001 axenbs a1 jo wns a1 10U ST Wns € JO 1001 axenbs YL, LT # €T SNYL,

LT = T+ S IMYM ‘€1 = 691N = FFL + ST/ = LTI + S/ 3s[ed :uonnjos

METHODS

Study 1. % METHOD: decode a calculation involving fractions, powers,

and order of operations

Real calculations often combine fractions, powers, and parentheses in a
single expression. The method is unchanged: work from the deepest level
to the outermost one. The difficulty lies in the layering: one must apply
the rules for fractions, powers, and order of operations at the same time.
The most frequent trap is forgetting that a fraction bar acts like invisible
parentheses: the numerator and the denominator are each a block.
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2 4+3x5

(a) Identify the numerator and the denominator. Are they separate blocks?

Compute

(b) Compute the numerator: first 23, then 3 X 5, then the addition.

(c) Compute the denominator: first (%)2, then the subtraction.

(d) Carry out the division, numerator divided by denominator. Simplify
if possible.

(€) Summarize: when a calculation combines fractions and powers, what
is the method?

"IPIATP U3 ‘suo1IeIado JO IPIO [BUIAUT SIT YIIM YIBD ‘syd0[q eredas se

IOJEUTWOUSP PUE JoeIdawnu 18dIL, (3) TH'€ A LT/¢6 YD T = (LT ‘T6)pad asnesaq

S[qEonpaxt st uondely S 5 = £ X ¢ = 2 (p) e = 1 — W8T =1 — L

0s F/1 = (g/1) oreurwonaq (9) '€ = SI + 8 PUE ‘G] = ¢ X € ‘g = (T HownRW
-nN (q) "wotsTATP 332 210§2q Appuspuadapur paandurod st yoed * (/1) — £ = IoreuTWOUP
PUE ¢ X € + [T = IOJEIWNU :$0[q om1 sareredas req wonoeyy oYL (¥) 1 uonnjos

Study 2. * METHOD: reduce to a common denominator

To add two fractions % + 2, one needs a common denominator. The
simplest choice is bd, but it is sometimes unnecessarily large. The better
choice is the least common multiple of b and d: the smallest positive integer
that is a multiple of both (studied in Chapter 4). Then multiply each
fraction by what is needed to reach that denominator, add or subtract
the numerators, and simplify if possible.
5 3
Compute — — —.
6 8
(2) What is the least common multiple of 6 and 82
Hint: List the multiples of 8: 8, 16, 24, 32, ... Which is the first one that is also a multiple
of 62
(b) Convert each fraction to denominator 24.
(c) Carry out the subtraction.
(d) Is the resulting fraction reducible?

(e) Summarize: what is the method for adding or subtracting fractions?



26 LANGUAGE, COMPUTATION, AND PROOF
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Study 3. *x METHOD: identify the type of proportionality

In a word problem, first ask: does the quotient of the quantities stay con-
stant (direct proportionality), or does their product stay constant (inverse
proportionality)? The direction of change is only a hint; a constant quo-
tient or product determines the model. With direct proportionality, divide
and then multiply: this is the rule of three. With inverse proportionality,
the product of the two quantities is constant: compute that product, then
divide.

Assume a constant printing rate, constant individual productivity, and
a job that can be shared without lost time. Two problems. Problem A: a
printer prints 120 pages in 8 minutes. How many pages in 15 minutes?
Problem B: 6 workers paint a fence in 10 hours. How many hours would
15 workers need?

(a) Problem A: more time, more pages? Direct or inverse proportionality?

(b) Compute the rate in pages per minute and deduce the number of
pages in 15 minutes.

(c) Problem B: more workers, more hours or fewer hours? Direct or
inverse?

(d) In inverse proportionality, the product is constant. Compute workers
X hours, then deduce the time for 15 workers.

(e) Summarize: how does one distinguish direct from inverse proportion-
ality, and which method applies in each case?

-drysuonepar a1 sazrxadereyd 1eya st 1onpoxd 1o 1usnionb
JUBISUOd Y3 9ury B A[UO ST UonENEA JO UOndAMp oYL (D = Ax) 10onpoxd 1ueisuod
:as12Au] “(xy = £) 1UGDIYP0d JUBISUOD 119211 (3) 0T X 9 = 09 = ¥ X SI 3P2YD "sImoy
H = GI = 09 SI WM Y1 ‘SIIOM G] 104 "09 = 0T X 9 :ueisuod st 1npoxd ay1. (p)
‘awm s3] 2413 s19xT0M 210U :3s19AU] (2) ‘safed GzT = ¢ X G $9AIS sTy3 ‘saanuTW G] UL
-ownurwr 1ad saed o1 = g <+ 021 (q) ‘saSed axowr saA18 swn ar0wr 211(T (B) € wOTIN[OS
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Study 4. xx METHOD: factor an expression systematically

To factor an expression, follow a systematic order. (1) Look for a common
factor in all terms and factor it out. (2) If what remains has two terms,
check for a difference of squares a*—b%; if it has three, check for a perfect
square a* & 2ab + b>. (3) If nothing works, try grouping: collect the
terms in pairs so that a common factor appears, as in Ottt xtl=
x*(x4-1)+ (x+1) = (x* +1)(x+1). The most frequent error is skipping
step (1) and searching immediately for an identity.

Factor 2x° — 18x.
(a) Is there a common factor in all terms? Which one?
(b) Factor it out. What remains inside the parentheses?
(c) Is the expression inside the parentheses a difference of squares?
(d) Factor completely.

(€) Summarize: what order should be followed when factoring?

*urdnoid uayy ‘fa3uspr prEpUEIS UYL “ISIY J0IOB UOWWIOD :IPIQ (3) “[2IUed
SULI] S[PPIW oYL X8I — = € - (€—) - ¥T X9 = € - X - XT £ X9— = X - (¢—) - X
$XT = X - x - xg YD (€ + X)(€ — X)x¢ = (6 — X)x¢ (p) '€ = qpuex =7
qaa saxenbs Jo souazayIp B ‘zg — X =6— X% ()6 — Zoc)xz = X8T — X (q)
"6 - X7 = X8I PUE X - XT = X DU TOIE UOWUWIOD E ST X7 3K (e) ¥ wonnjog

Study 5. ** METHOD: build and use Pascal’s triangle

To expand (a + b)", one needs binomial coefficients. Pascal’s triangle
provides them without factorials: start with 1 at the top, each number
is the sum of the two above it, and the edges are always 1. The row n
gives the coefficients of (a + b)". The powers of a decrease from n to 0,
while the powers of b increase from 0 to n.

Expand (2x + 3)°.
(a) Wrrite the row n = 3 of Pascal’s triangle.
Hint: Row n =2 is 1,2,1. Forn = 3: L, 1+2,2+ 1, 1.
(b) Identify a = 2x and b = 3. Write the powers of a and b for
E=0,1,2,3.
(c) Assemble: for each k, multiply the coefficient by &> * x b*.
(d) Simplify each term and add them.
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(e) Summarize: how does one expand (a+ b)" using Pascal’s triangle?

‘PpE
Wy g X, £q pardnmnur 1uspy20d oy ‘Appreredss wirs yoes andwod ‘g pue v
Amuapr ‘u mox pmg (3) *STT = LT+ %S+ 9€ + 8 PUE STI = (€4 7) :T = X 18 YD
LT+ X%S 4 X9€ + X8 PPV (P) LT = LT X T X 1€ = 9 10 X%S = 6 X XT X €
= qm}tzx% =€ X X% X [ 2[1035£xg =1X X8 X W= e[Jq;:szJAq
WL (9) LT = (€6 = £C = € T= (€€ =qJosmdmod 1= (x¢) ‘¥¢ = (¥7)
XY = Z(xz) (X8 = {(xz) X7 = v josmoJ (q) T ‘€ ‘€ ‘1€ = u Moy () :S uomnnjos

Study 6. x%trap METHOD: manipulate inequalities without making
sign errors

Inequalities are manipulated like equalities, except when multiplying or
dividing by a negative number: then the direction reverses. The classic
error is forgetting this reversal. Squaring preserves order on nonnegative
numbers; with negative inputs, the direction needs a separate check. The
method is to ask, at each operation: does this operation preserve the order?

— X

Solve > 1.

(@) Multiply both sides by 3. Does the direction change?

Hint: Is the number 3 positive or negative?

(b) You obtain 2 — x > 3. Isolate x.
(c) At which step did the direction change, if at all?

(d) Check your answer with x = —2, which should work, and x = 0,
which should not.

(€) Summarize: which operations reverse the direction of an inequality?

*s20p 129U Sunoengns 10 SUIPPY "UONIAIIP Y1 $ISIAAI IdquInu daneSou €
£q Surpratp 10 Suld[dnmy (3) T— % 0 1931300 "3SRF ST T < £9°0 ~% % = ﬁ 0=x
= ﬁ Z— = x 101 (p) T— £q Surk[dnmnur usym
paSueyd uondarp aYL (3) “[— > X UWONIIIP Y1 381X [— Aq Surkjdnmw T < x—
saa18 ¢ < x — 7 (Q) "€ < X — T :[esIdAI OU ST 2191 ‘0 < ¢ durs (¥) :9 uonnjos

10 "SYIOM T 08 T < €€°T S ;



CHAPTER I * EXPEDITIONS 29

METHOD RECAP

ORDER OF OPERATIONS: Work from the deepest level, parentheses, to the
outermost level, addition. Reading left to right only decides between oper-
ations of the same level: multiplications and divisions among themselves,

additions and subtractions among themselves.

COMMON DENOMINATOR: Find the LCM of the denominators, convert
each fraction, add or subtract the numerators, and simplify.

PROPORTIONALITY: Direct means constant coefficient (y = kx). Inverse
means constant product (xy = C). The direction of variation is only a

hint; only the constant quotient or product characterizes the relationship.

FACTORING: Order: (1) common factor, (2) standard identity, (3) group-
ing. Never skip step (1).

PASCAL’S TRIANGLE: Build it row by row: each number is the sum of
the two above it. Row n gives the coefficients of (a + b)".

INEQUALITIES: At each operation, ask whether the direction changes.
Among the operations used on a linear inequality, only multiplying or
dividing by a negative number reverses it; other moves (taking reciprocals,

squaring) require a monotonicity check.

EXPEDITIONS

EXPEDITION I: MENTAL ARITHMETIC AND IDENTITIES
Prerequisite: study 4.

Can one multiply 97 X 103 mentally? What about 998 X 1002? Stan-
dard algebraic identities turn complicated products into mental arith-
metic.

(a) Compute 97 X 103 using the identity (a + b)(a — b) = a* — b>.
Hint: 97 = 100 — 3 and 103 = 100 + 3.
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(b) Compute 998 X 1002 in the same way.

(c) Compute 47 X 53 and 196 X 204.

(d) Invent three products of your own and compute them mentally.

(€) Why does this method work so well when the two numbers are sym-
metric around a round number?

(6 Now try 99%. Which identity should be used?

Hint: 99 =100 — 1, 50 99° = (100 — 1)* = ...

The identity (a + b)(a — b) = a* — b* turns a product of two numbers
symmetric around a pivot into a square minus a small square. And
(a — b*> = a* — 2ab + b> computes squares close to a round number.
Standard algebraic identities are not just formulas to memorize; they are
tools for mental arithmetic.

‘1086 = T + 00T — 00001 = (I — 001) = .66 (J) ‘Trews
ST .9 pue arenbs punox £ses ue st 7 snexg (3) ‘#8666 = 9T — 0000% = %0T X 961
6%C = 6 — 00ST = €5 X /¥ (3) "966666 = ¥ — 0000001 = (T + 0001)(T — 000T)
= 00T X 866 () 1666 = 6 — 00001 = (£ + 00T)(€ — 00T) = €0T X £6 (¥) 1 10doy

EXPEDITION 2: THE SECRETS OF PASCAL’S TRIANGLE
Prerequisite: study s.

Pascal’s triangle looks simple: 1s on the edges, and each number is the
sum of the two above it. But this triangle hides remarkable patterns.
(a) Build the first 8 rows of the triangle, from n =0 to n = 7.

(b) Compute the sum of the numbers in each row. What do you notice?
Hint: Row 0: 1. Row 1: 1 +1 = 2. Row 2: 1 + 2 + 1 = 4. Continue.

(c) Look at the second diagonal, the one beginning 1,2,3,4. Which
sequence do you recognize?
(d) Look at the third diagonal, the one beginning 1,3, 6,10. What are

these numbers called?

Hint: They are numbers of the form 1 + 2 + 3 + - -+ -+ k. They are called triangular
numbers.

(€) Add the rising diagonals. To find them, start from the leftmost 1 in
each row and move diagonally upward to the right, one row at each

step. First diagonal: the top 1 alone. Second: the left 1 in row n = 1
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alone. Third: the left 1 in row n = 2 and the right 1 in row n = 1, so

1+ 1 = 2. Continue. Which sequence appears?
Hint: Diag. 1: 1. Diag. 2: 1. Diag. 3: 1+1 = 2. Diag. 4: 1+2 = 3. Diag. 5: 1+3+1 = 5.
Diag. 6: 1 + 4 + 3 = 8. Do you recognize 1,1, 2,3,5,8,13,...?

(6) Why does the sum of row n equal 2"?
Hint: 141" = > ()1 =3 ().

Pascal’s triangle contains the positive integers, the triangular numbers,
the Fibonacci sequence, and the powers of 2. A triangle of numbers
built by such a simple rule produces striking combinatorial richness. It
will return in probability, through the binomial distribution; in analysis,
through expansions; and in number theory.

(Z) SIUDOIY20D Y1 JO WNS Y3 SIALS W2I021 [erwrourq a1 £q
L(1+7) Sutpuedxa pue < .z = (1+41) 3sned3g (§) ‘Tz ‘€1 ‘8 ‘G ‘€ T ‘T ‘1 :20uanbas poeuoq
-13 YL (3) '8T ‘T ‘ST ‘0T ‘9 ‘¢ ‘T :s1aquunu remnguemn ayy, (p) = * * ‘S ‘% ‘¢ ‘7 ‘T 1983
-ur aansod ayL (9) T Gooo ‘Iz ‘oz = §TI ‘%9 ‘TE ‘91 ‘8 ‘% ‘T ‘1 swng (q) z 1rodoy

EXPEDITION 3 WHY (1.01)” GROWS SO FAST
Prerequisites: studies 3, §.

An increase of 1% per year seems tiny. But after 100 years?
(a) Compute (1.01)* by hand using (1-+x)* = 1+2x+x” with x = 0.01.
(b) Compute (1.01)'° with a calculator. Compare it with 110 X 0.01 =
1.10.
() Compute (1.01)'°°. Compare it with 1+ 100 X 0.01 = 2.
Hint: Use the power key of the calculator, then compare the two results.
(d) With a calculator, compute (1.01)*®, one year of daily growth at 1%.
The result may surprise you.

() Now try (1.001)'°° and (1.0001)
numbers seem to converge?
Hint: Compare with e = 2.71828 . . .

10000 " ipard what value do these

(£) Why, for a rate x > 0 and an integer n > 2, does (14 x)" > 1+ nx

hold?
Hint: (14 x)" =14 nx + (;) x* + - - -. The term nx is linear growth. The later terms,

such as (;)xz, are the bonus from compounding.
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For a fixed rate x > 0, (1 + x)" grows much faster than 1+ nx when
n is large. The difference comes from the cross terms in the binomial
expansion: interest itself earns interest. This is compound growth, the idea
behind bank interest and population growth; with a negative rate, the
same formula describes radioactive decay. When x = 1/n and n — 00,
(1 + 1/n)" converges (a result admitted here, not proved by these trials)
to e =2 2.718, one of the central constants of analysis.

'spjoy Larpenbs ‘p = % 30 0 = X 104 XU + [ < (X + )
os ‘oansod Apomns are - - . & (Z) SWIIA) Y3 ‘7 < U PuE O < X 107 (J) '$TSILT = @
PIEs01 2519AU0d A3YL SIBILT AL (00 (T000°T) PUE 691LT = ,(100°T) () “1eak
auo ur £¢ weyy arowr £q sadnnur o1 jo e A[rep ® 8L LE & (10T) (P) T anpea
TeSUT[ 22 2AOQE %SE MOqE ‘§50LT R, (10°T) (9) OTT Sn[eA IedUI[ Y3 2A0QE %TH0
moqe ‘79501 & ,(107) (9) T020T = 10000 + 200 + T = ,(107T) () * 110doy

FURTHER READING

* Euler, L. (1770), Elements of Algebra, trans. John Hewlett, 1822. A
historical route through elementary algebra; begin with Part I.

* Klein, F., Elementary Mathematics from a Higher Standpoint, vol. I:
Arithmetic, Algebra, Analysis, trans. Gert Schubring, Springer, 2016.
A broader view of school mathematics, for a second reading with
more experience.

e Courant, R. ¢» Robbins, H., What Is Mathematics?, 2nd ed., revised
by lan Stewart, Oxford UP, 1996 (first published 1941). A lively
panorama; the opening chapters develop numbers and their operations.
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