
Articulated Course
in

Mathematics
IV

Correspondences
FROM CLASS FIELD THEORY TO THE LANGLANDS PROGRAM

William de France

CLEMENTINIUM EDITIONS





Correspondences



The problems of mathematics are not isolated from one another. There is
a vast web of connections.

Robert Langlands



Articulated Course
in

Mathematics
iv

Correspondences
From Class Field Theory to the Langlands Program

William de France

Clementinium Editions



Copyright © 2026 William de France
Clementinium Editions
Collection Articulated Course in Mathematics
All rights reserved.



v

preface

The same equation can be read through its solutions, through its symme-
tries, or through the functions recording their traces. The Langlands program
asks how to pass between such descriptions without losing the operations that
give them meaning. This volume follows that question from number fields
to the geometric correspondence and a path through its 2024 proof.

Together with Mathematical Physics, Correspondences opens the re-
search level of the Articulated Course in Mathematics. It assumes the back-
ground of Graduate Mathematics, particularly Galois theory, functional
analysis, and differential geometry. More specialized algebraic and geo-
metric tools are introduced when a question makes them necessary. The
book addresses readers who want to understand how the domains connect,
then return to the sources for the complete constructions and proofs.

The journey comprises thirty-seven chapters and two hundred thirty-eight
articles, distributed across eight parts. The first establishes the local and
global languages of arithmetic and reciprocity. The second constructs modu-
lar forms, L-functions, dual groups, and automorphic representations. The
third develops arithmetic geometry through modularity, periods, and special
values. The fourth examines methods and realizations of the arithmetic pro-
gram; the fifth explores Shimura varieties, motives, and p-adic geometry.

The last three parts change the objects of the correspondence. Differential
modules, stacks of bundles, and derived categories prepare the geometric state-
ment. The abelian case supplies a guiding calculation; Hecke and Satake
then lead to the general theorem. The proof chapters distinguish construction
of the functor, local and global compatibilities, and the control that makes
the functor an equivalence. The final chapter opens toward physics through
charges, lines, and branes.

Distinguishing these routes is part of the book’s purpose. The unramified
de Rham geometric theorem does not resolve the whole arithmetic program.
Its physical interpretation does not by itself prove a duality of gauge theories.
Hypotheses, normalizations, and the nature of the categories are therefore
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retained in the statements. Difficult results are identified as being used
without proof when an article explains their role rather than reproducing
their demonstration.

The article remains the unit of reading: a question, a construction, a
worked example, and its interpretation. Numbered references let the reader
recover earlier material without repeating its exposition. Further reading
leads to the sources; the research questions closing the chapters extend a cal-
culation, test a distinction, or situate a conjecture. They are not all open
problems: their role is to give the reader an operation to pursue.

Familiar objects return with new functions. In Q(
√
2), integers, units,

and places bring algebra and arithmetic together. An elliptic curve carries
rational points, Tate modules, and an L-function. The group GL2 lets us
compare a representation, an automorphic form, and a modification of a
bundle. These returns make the continuity of the collection tangible.

A dictionary becomes useful only when it preserves what sentences allow us
to do. The limit of this image matters: matching names does not construct
a correspondence. By following operations, their compatibilities, and their
proofs, the reader can measure what the different languages have learned
to convey to one another.
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to the reader

Across five volumes, this course articulates the grammar through which re-
ality composes itself: more than thirteen hundred mathematical articles,
from the first integer to the Langlands correspondence and from the brachis-
tochrone to the amplituhedron. The undertaking is vast. The author does
not claim that it is without flaws; he affirms that it is sincere.

Each article develops a single idea, from its motivation to its interpreta-
tion. Definitions are framed; major theorems are also framed, in red, in
Volumes 2 and 3 of the collection. Proofs are present where they illuminate,
sketched where full rigor would obscure the purpose, and stated as omitted
when their difficulty exceeds the article’s scope. The reader will be able to
distinguish the three cases.

Ten mathematical objects recur throughout the collection: the circle S1, the
integers Z, the extension Q(

√
2), the elliptic curve y2 = x3 – x, the group

GL2, the function ζ(s), the space L2, the ring K[X], the symmetric group
S3, and the torus T2. From trigonometric calculation to the Langlands
dual group, from the harmonic oscillator to Montonen–Olive duality, each
returns at every level with new depth. When one appears, the text points it
out.

The figures, more than eight hundred across the collection, have been
drawn with the care required by a pocket format: each line has a reason
to be there, each label is clear of every curve, and the palette is limited to
four colors. They do not replace proof; they precede it. Readers who look at
the figure before reading the theorem will often understand the statement
before reading a word of it.

Each chapter extends into Further reading, chosen to lead to sources and
deepen the constructions, then Research questions. These invite the reader to
extend an example, clarify a hypothesis, or compare two operations. When
a conjecture appears, its status is distinguished from proved results; not all
these questions are open problems in current research.



viii To the Reader

Readers may follow the linear path or use connections between volumes.
Volumes I–III form a continuous progression from secondary-level to grad-
uate mathematics. Volume IV rises toward the Langlands program; Vol-
ume V, toward mathematical physics. Both assume Volume III but may be
read independently of one another.

In this English edition, reading recommendations use verified English
editions where appropriate. Original sources and historical attributions are
preserved; references retained in another language are identified. Section
references concern the editions actually cited.
Every error reported is an error corrected.
wdf@clementinium.com
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note on the levels

The five volumes follow a progression from the first mathematical objects to
questions of research:

• Elements (I): secondary-school mathematics, from arithmetic to the first
proofs.

• Foundations (II): the foundations of university mathematics.

• Graduate Mathematics (III): deeper study and preparation for research.

• Correspondences (IV): the research level, from class field theory to the
Langlands program.

• Mathematical Physics (V): the research level, from symmetries to strings.

These levels guide the reader without imposing an academic timetable. Parts
and chapters mark the stages of the journey; the pace depends on the reader’s
background and the questions they wish to explore.
Volumes I, II, and III successively build the prerequisites for the next volume.
Readers may enter at the level for which they have the necessary background.
Volumes IV and V share the foundation of Graduate Mathematics and
may be read independently of each other. The bridges at the beginning of
each volume explain the change in perspective.
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notations

N natural numbers
Z integers
Q rational numbers
R real numbers
C complex numbers
∈ belongs to
⊂ is a subset of (equality allowed)
∪, ∩, ∅ union, intersection, empty set
P(E) power set of E
∀, ∃ for all, there exists
⇒,⇔ implies, is equivalent to
|x| absolute value of x√
x square root of x

⩽, ⩾ less than or equal to, greater than or equal to
π circumference divided by diameter
∞ infinity
sin, cos, tan trigonometric functions
f′(x) derivative of f at x∫ b
a f(x) dx integral of f from a to b∑
,
∏

sum, product
n!,

(n
k

)
factorial, binomial coefficient

i imaginary unit, i2 = –1
z̄, |z|, arg(z) conjugate, modulus, argument
Re(z), Im(z) real part, imaginary part
→ tends to
x 7→ f(x) map sending x to f(x)
u⃗ vector u
f ◦ g composition of f and g
‖x‖ norm of x
〈x, y〉 inner product of x and y
dimV dimension of a vector space V
ker f, Im f kernel, image of a linear map
detA determinant of a matrix A
GLn , SLn , On general linear, special linear, orthogonal groups
a ≡ b (mod n) congruence modulo n



Notations xi

∼=, ' isomorphic to, equivalent to
⊕, ⊗ direct sum, tensor product
lim limit
sup, inf supremum, infimum
O(·), o(·), ∼ Landau notation, asymptotic equivalence
d
dx

,
∂

∂x
ordinary differentiation, partial differentiation

Ck functions with continuous derivatives through order
k

C∞ smooth functions
L(E, F) continuous linear maps from E to F
E∗ , E∗∗ continuous dual, bidual of E
σ(T), ρ(T) spectrum, resolvent set of an operator T
Wk,p(Ω), Hs(Ω) Sobolev spaces
D′(Ω) distributions on Ω
S(Rn), S′(Rn) Schwartz space, tempered distributions
SpecA spectrum of a ring A
Hom, Ext, Tor homological algebra functors
∧ exterior product
Hn , π1 degree-n cohomology, fundamental group
Gal(L/K), [L : K] Galois group, extension degree
OK , Cl(K), hK ring of integers, class group, class number of K
vp p-adic valuation
Qp , Zp p-adic numbers, p-adic integers
AK , IK , CK adeles, ideles, idele classes of K
Gal(K̄/K) absolute Galois group of K
Frobp Frobenius element at p
ρ : GK → GL(V) Galois representation
ζ(s) Riemann zeta function
L(s, π), L(s, χ) automorphic and Dirichlet L-functions
Ĝ, LG Langlands dual, L-group of G
BunG stack of G-bundles
Hi

ét degree-i étale cohomology
D-mod category of D-modules
LocĜ Ĝ-valued local systems
QCoh(Y) quasi-coherent sheaves on Y
IndCohNilp(Y) ind-coherent sheaves with nilpotent singular support
DMod1/2 half-twisted D-modules
GrG affine Grassmannian of G
Ǧ another notation for the Langlands dual
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from graduate mathematics to
correspondences

Until now, each branch of mathematics had its own language. Analy-
sis spoke of limits and measures; algebra, of groups and ideals; geometry,
of manifolds and sheaves. What follows is the story of a discovery: these
languages are dialects of a common grammar.

The Langlands program, toward which the parts of Correspondences
converge, is one of contemporary mathematics’ most ambitious undertakings.
It posits deep correspondences between number theory, harmonic analysis,
and algebraic geometry, three domains that might seem independent but
are connected by hidden symmetries whose reach we are only beginning to
grasp.

The route begins with arithmetic foundations: number fields, p-adic num-
bers, adeles, and reciprocity. It then constructs modular and automorphic
forms, followed by arithmetic geometry through the Weil and modular-
ity theorems. The methods of the Langlands program, shtukas, Shimura
varieties, motives, and p-adic geometry precede the tools of the geometric
language. Differential modules, stacks, and categories then make a path
through the 2024 proof possible. The final stage prepares the physical read-
ing without introducing it into the theorem’s proof.

Lie groups, used throughout this volume, are developed in Chapter 78
of Graduate Mathematics; the reader may return there before approaching
reductive groups.

The grammar through which reality composes itself is unfinished. What
we know of it, what we glimpse, and what remains to be discovered are the
subject of this volume.
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Part I

Reciprocity and the
Language of Arithmetic

Number fields provide the global setting; their completions isolate
each place. Adeles and ideles gather these data before reciprocity
identifies the quotients governing abelian extensions. Galois repre-
sentations then broaden the question: how can we retain an action
when the group is no longer captured by its characters?
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chapter 1
number fields and rings of integers

Adjoining a number to the rationals changes the operations available,
but also what it means to be an integer. A fraction may satisfy a monic
equation; a number may lose unique factorization; an ideal may retain that
uniqueness without having a generator. These differences call for an arith-
metic that recognizes its objects before counting them. Embeddings make
them visible from several perspectives, and lattices allow us to measure their
differences. Passing to number fields does not replace ordinary integers with
more complicated numbers: it reveals the precise conditions that made their
arithmetic work.

Articles in this chapter:
001. Number Fields—The roots of the minimal polynomial give the em-

beddings and signature.
002. Rings of Integers—A basis of the field need not generate all its inte-

gers.
003. Norm, Trace, Discriminant—Matrix calculations distinguish in-

variants of an element from those of a basis.
004. Dedekind Ideals—Two factorizations of an element recover the same

ideal factorization.
005. Class Group—A finite bound makes the failure of principality com-

putable.
006. Dirichlet Units—Logarithms reveal a lattice, with a normalization

to respect.

1. number fields. What happens when we adjoin
√
–5 to the

rationals? We obtain a field Q(
√
–5) whose ring of integers

Z[
√
–5] gives the integer 6 two essentially different factorizations:

6 = 2 · 3 = (1+
√
–5)(1 –

√
–5). Factorization therefore requires
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objects beyond those that sufficed in Z. Before returning to this
calculation with ideals, we need to understand the different ways
of representing the field itself.

definition 1.1: A number field is a finite extension K of Q.
Its degree is the integer n = [K : Q]. The field Q itself is a
number field of degree 1. The quadratic fields Q(

√
d) (with

d ∈ Z squarefree, d 6= 0, 1) have degree 2, and the cyclotomic
fields Q(ζm) have degree ϕ(m).

Every number field admits exactly n embeddings into C, some real
and others complex. Their distribution determines the arithmetic
nature of the field.

K = Q(3√2)

R C C

σ1 σ2 σ̄2

conjugates

3√2 7→ 3√2 3√2 7→ ζ 3√2 3√2 7→ ζ2 3√2

Signature (r1, r2) = (1, 1)

The three embeddings of Q(3√2): one real and a pair of complex conjugates, giving

signature (1, 1).
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definition 1.2: Let K be a number field of degree n. An em-
bedding of K is a field homomorphism σ : K ↪→ C. There
are exactly n of them. Of these, r1 are real (their images lie
in R), and the remaining n– r1 form r2 pairs of complex con-
jugates. The pair (r1, r2), with r1+2r2 = n, is the signature
of K.

proposition 1.3: By the primitive element theorem, every number
field can be written K = Q(α) for an algebraic α, a root of an
irreducible polynomial f ∈ Q[x] of degree n. A basis of K over Q
is then {1, α, α2, . . . , αn–1}.

Separability in characteristic zero and the primitive element theo-
rem are recalled from the article “Separability” in Graduate Math-
ematics. Here they reduce the count of embeddings to a count of
roots.
from roots to embeddings: If K = Q(α) and f is the minimal
polynomial of α, an embedding must send α to a root of f. Con-
versely, each root β defines a homomorphism Q[X]/(f) → C by
evaluation at β. This field homomorphism is injective. Since f is
separable of degree n, its n roots give exactly n embeddings.

example: The field Q(
√
2) has signature (2, 0): its two embeddings

send
√
2 to ±

√
2, both real. The field Q(i) has signature (0, 1): its

two embeddings send i to ±i, forming a conjugate pair. The field
Q( 3√2) has signature (1, 1): one real cube root and two complex
conjugate roots.

remark 1.4: The signature (r1, r2) governs the rank of the unit
group (Dirichlet’s theorem: rank r1 + r2 – 1), the sign of the
discriminant ((–1)r2 ), and the form of the canonical embedding of
K into Rr1 ×Cr2 . It condenses into two integers the archimedean
constraints on the entire arithmetic of K.
Embeddings thus give several compatible readings of the same
number: algebraic relations are preserved even as its images change.
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This multiplicity does not turn the field into several independent
fields; it lets us observe it in all its archimedean directions. It does
not yet tell us which elements will play the role of integers. To
begin arithmetic, we must choose within the field the ring that
contains them all.

2. rings of integers. Ordinary integers form a well-defined sub-
ring of Q. But when we pass to a number field K, which elements
play the role of integers? The answer is not immediate: in Q(

√
5),

the golden ratio ϕ = 1+
√
5

2 , which scarcely looks like an integer,
satisfies ϕ2 – ϕ – 1 = 0 and deserves the name algebraic integer.

definition 2.1: An algebraic integer is a complex number α
that is a root of a monic polynomial with coefficients in Z:
αn + an–1αn–1 + · · · + a0 = 0, with ai ∈ Z. All algebraic
integers together form a subring Z of C.

The module characterization clarifies this notion: α is an algebraic
integer if and only if Z[α] is a finitely generated Z-module. In-
tegrality can be read from the finite generation of this module.

definition 2.2: Let K be a number field. The ring of integers
of K is OK = K ∩ Z, the set of algebraic integers belonging
to K.

proposition 2.3: If K is a number field of degree n, then OK is a
free Z-module of rank n. In other words, there is an integral basis
{ω1, . . . , ωn} such that OK = Zω1 ⊕ · · · ⊕ Zωn.

We use this theorem from the article “Algebraic Integers and
Dedekind Domains” in Graduate Mathematics. It says more than
that the field has a basis: the coordinates of its integers in this par-
ticular basis are themselves ordinary integers. A basis over Q need
not have this property.
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the basis completed by the golden ratio: In K = Q(
√
5), the

quadratic formula for the ring of integers, stated without proof
below, gives

OK = Z⊕ Zϕ, ϕ =
1 +
√
5

2
, ϕ2 = ϕ+ 1.

The element ϕ does not belong to Z[
√
5]: its coordinates in the

basis (1,
√
5) are 1/2 and 1/2. Conversely,

√
5 = 2ϕ – 1, so

Z[
√
5] = Z+ 2Zϕ ( OK.

The index is 2: the two cosets are represented by 0 and ϕ. Adjoin-
ing a generator of the field had not produced the ring of all its
integers.

In the coordinates of the integral basis (1, ϕ), the index becomes
visible: the subring occupies every other row of the lattice. A fun-
damental cell of this sublattice contains two cells of the full lattice.
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1

φ

0

1

1

Z[
√
5] = Z+ 2Zφ

[OK : Z[
√
5]] = 2

Coordinates in the basis (1, φ), not a Minkowski embedding. Solid dots represent

Z[
√
5]; hollow dots complete OK . Each of the two cells has area one in these coordinates.

example: For K = Q(
√
d), with d squarefree and d 6= 0, 1, the for-

mula stated without proof is OK = Z[
√
d] if d ≡ 2 or 3 (mod 4),

and OK = Z
[
1+
√
d

2

]
if d ≡ 1 (mod 4). The ring of Gaussian

integers Z[i] (the case d = –1) is the most familiar example. For
cyclotomic fields, OQ(ζp) = Z[ζp] when p is prime.

remark 2.4: Determining OK is a nontrivial algorithmic problem,
even for cubic fields. The inclusion Z[α] ⊂ OK can be strict: the
ring of integers is larger than a naive choice of generator suggests,
and its finer arithmetic structure lies in that excess.
An integral basis governs the expression of every integer in the field,
like a grammar specifying which coefficients are allowed. It is not
canonical: several bases give the same ring. The next calculation
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must therefore distinguish what depends on this expression from
what survives a change of basis.

3. norm, trace, discriminant. Changing a basis can multiply
a discriminant without changing the field. In Q(

√
5), the bases

(1,
√
5) and (1, ϕ) describe the same vector space, but only one

generates all the integers over Z. To measure this difference, we
first return to two invariants of an endomorphism: its trace and
its determinant.

definition 3.1: For α ∈ K, multiplication mα : x 7→ αx is an
endomorphism of the Q-vector space K. Its trace is the trace
of α, and its determinant is the norm:

TrK/Q(α) =
∑
i
σi(α), NK/Q(α) =

∏
i
σi(α).

The equalities involving embeddings follow from the separa-
ble decomposition K ⊗Q C ' Cn, which we use here as a
known result.

Trace is additive and norm is multiplicative. Both send algebraic
integers to Z, because multiplication by an integer has an integer
matrix in an integral basis. The algebraic norm is not a vector-
space norm: it can be negative and does not by itself measure all
the absolute values of the conjugates.
a multiplication worked out: Keep ϕ2 = ϕ+1. For α = a+bϕ,
with a, b ∈ Q, the images of 1 and ϕ give

[mα](1,φ) =
(
a b
b a+ b

)
.

Thus Tr(α) = 2a + b and N(α) = a2 + ab – b2. In particular,
Tr(ϕ) = 1, N(ϕ) = –1, and Tr(ϕ2) = 3.

For a basis B = (ω1, . . . , ωn) of K over Q, its discriminant is

disc(B) = det
(
Tr(ωiωj)

)
= det

(
σi(ωj)

)2.
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The second equality follows from the matrix identity T = StS.
Separability guarantees that the trace form is nondegenerate, so
this determinant is nonzero.
two bases, two discriminants: The trace matrices are, respec-
tively,

T(1,φ) =
(
2 1

1 3

)
, T(1,

√
5) =

(
2 0

0 10

)
.

Their determinants are 5 and 20. If B′ = BP, then TB′ = PtTBP,
hence disc(B′) = (det P)2 disc(B). Here

√
5 = 2ϕ–1 gives det P =

2: the index calculated in the preceding article appears squared.

Two integral bases of the same ring are related by an integer matrix
invertible over Z, with determinant ±1. Their common discrimi-
nant is the field discriminant, denoted dK. Thus dQ(

√
5) = 5, not

20.

α ∈ K

σ1(α) · · · σn(α)

Tr(α) =
∑

i σi(α)

N(α) =
∏

i σi(α)

covol(OK)

2–r2
√

|dK|

Trace adds conjugates and norm multiplies them. For an integral basis, the real covolume

of the unscaled Minkowski embedding is 2–r2
√

|dK|.

The discriminant describes the fabric of the integers through their
embeddings. This geometric reading requires a fixed measure: the
complex determinant of all embeddings is not directly the real
volume in Rr1 ×Cr2 . The factor in the caption mediates between
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the two conventions. The sign of dK is (–1)r2 ; its absolute value
enters the arithmetic bounds we shall meet.
The basis has changed, but the field has stayed the same. The dis-
criminant has distinguished two rings within it; ideal factorization
will now reveal how their primes behave.

4. dedekind ideals. In Z[
√
–5], the equality 6 = 2 · 3 = (1 +√

–5)(1–
√
–5) is more than a reordering of factors. Put s =

√
–5.

The norm N(a + bs) = a2 + 5b2 takes neither the value 2 nor
the value 3 on integers. Since the norms of 2, 3, and 1 ± s are
4, 9, and 6, a decomposition of any of them into two nonunits
would force one of these impossible values. All four factors are
irreducible. The only units are ±1, and the two factorizations are
not associate.
The discussion of Dedekind domains in Graduate Mathematics
promised a recovery of uniqueness at the level of ideals. We keep
its convention: a Dedekind domain is an integral domain that is
Noetherian, integrally closed in its fraction field, and of dimen-
sion 1. It is therefore not a field, and its nonzero prime ideals are
maximal.
The ring OK satisfies these conditions. It is Noetherian because it
is finite over Z; it is integrally closed by transitivity of integrality.
Dimension 1 is a known result: every quotient by a nonzero prime
ideal is a finite field.
factorization and invertibility: Every nonzero proper ideal is,
uniquely up to order, a product of powers of distinct nonzero
prime ideals. A nonzero fractional ideal is a submodule I of K
such that dI ⊂ OK for some d ∈ OK \ {0}. We take as given that
every nonzero ideal is invertible, with

I–1 = {x ∈ K : xI ⊂ OK}.

This is the substantial step in factorization. Uniqueness then fol-
lows directly: a prime ideal containing a product contains one
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factor; maximality identifies the prime factors, and their inverses
allow cancellation. Existence also uses the Noetherian property
and is not proved again here.

The empty product gives the unit ideal. Nonzero fractional ide-
als thus form the free abelian group on the nonzero prime ide-
als. For calculations, we use the norm of a nonzero integral
ideal, N(a) = [OK : a]. Its multiplicativity and the equality
N((α)) = |NK/Q(α)| are stated without proof.
the same product behind both expressions: In Z[s], put

p2 = (2, 1 + s), p3 = (3, 1 + s), p3 = (3, 1 – s).

The quotients are F2, F3, and F3, by substituting 1, –1, and 1 for
s, respectively. These ideals are therefore prime, of norms 2, 3, and
3. The generators of p22 are 4, 2(1+s), and (1+s)2 = –4+2s: all are
divisible by 2. The inclusion p22 ⊂ (2) is an equality because both
norms are 4. Similarly, the generators give the following inclusions,
and the norms give equalities:

(3) = p3p3, (1 + s) = p2p3, (1 – s) = p2p3.

Thus (6) = p22p3p3 is the unique ideal factorization of both orig-
inal products.

A rational prime p is ramified when an exponent in the factoriza-
tion of pOK exceeds 1. The equivalent criterion p | dK is stated
without proof. Here dK = –20: only 2 and 5 ramify, and the
square p22 already shows this for 2.
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split

Z

OK

(p) = p1p2

inert

Z

OK

(p) = p

ramified

Z

OK

(p) = p2

In a quadratic field, a prime splits, remains inert, or ramifies. The last case is identified

by a repeated ideal factor.

Ideals give a common expression for the two decompositions of 6.
This expression does not make every ideal principal: it preserves
precisely the factors that no single element represents. The class
group will measure this difference.

5. class group. If ideals factor uniquely, why do elements not
do so? One condition is missing: every ideal factor would have to
be generated by an element. In Z[

√
–5], the ideal p2 = (2, 1 +√

–5) has norm 2, but no element has that norm. The quotient
identifying ideals that differ by a principal factor retains exactly
this obstruction.

definition 5.1: The class group of K is the quotient

Cl(K) = IK/PK,

where IK is the group of nonzero fractional ideals and PK its
subgroup of principal ideals (α), α ∈ K×. It is trivial if and
only if OK is a principal ideal domain, a condition equivalent
here to unique factorization.

Two ideals thus have the same class when one is obtained by mul-
tiplying the other by a nonzero element of the field. The question
is how many classes remain after this identification.
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minkowski’s bound, stated without proof: Every class contains a
nonzero integral ideal a whose norm, the index [OK : a], satisfies

N(a) ≤ MK, MK =
n!
nn

(
4

π

)r2√
|dK|.

The adjective integral means a ⊂ OK. It makes the bound effective:
there are only finitely many subgroups of bounded index in the
free group OK ' Zn. For a given index m, each contains mZn and
comes from a subgroup of the finite group (Z/mZ)n. The class
group is therefore finite; its order hK is the class number.

PK IK Cl(K)
⊂ a 7→ [a]

a1, . . . , at ⊂ OK

N(ai) ≤ MK

Every class has a representative in this finite set.

The quotient by principal ideals retains the classes; Minkowski allows them to be

represented by finitely many integral ideals of bounded norm.

computing two classes: For K = Q(
√
–5), the signature is (0, 1)

and dK = –20, so

MK =
2

π

√
20 ' 2.85 < 3.

Every class has a representative of norm 1 or 2. The only ideal of
norm 1 is OK. An ideal of norm 2 has quotient F2; the image of√
–5 must be a root of X2 + 5 = (X + 1)2 modulo 2. There is

only one choice: this ideal is p2.



Number Fields and Rings of Integers 15

If p2 = (a+ b
√
–5), then a2 + 5b2 = 2, which is impossible for

integers a, b. Its class is therefore nontrivial. The equality p22 = (2)

shows that its square is trivial. Thus

hK = 2, Cl(K) ' Z/2Z.

The quotient classifies ideals as one classifies expressions up to
an allowed change. This identification does not remove the ideals
themselves: it forgets only their principal factor. The bound has
let us run through all the classes, not merely exhibit two of them.
For Q(i), the same bound is 4/π < 2, so only the unit ideal is
needed and hK = 1. The contrast with Q(

√
–5) has now been

calculated. The invariant also has an analytic expression, which we
cite as a preview:

Res
s=1

ζK(s) =
2r1(2π)r2hKRK

wK
√
|dK|

.

Here wK counts the roots of unity, and RK is the regulator intro-
duced next. This formula, stated without proof, brings classes and
units together. The former distinguish ideals without a generator;
the latter describe how many generators a single principal ideal can
have.

6. dirichlet units. The equation x2–2y2 = 1 has infinitely many
integer solutions, yet the unit 1 +

√
2 has norm –1. Its square,

3 + 2
√
2, has norm +1. This change of sign distinguishes the

group of all units from the subgroup solving Pell’s equation. To
understand their infinitude, we must look at absolute values in the
different embeddings.
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definition 6.1: The units of OK are its invertible elements:

O×K = {α ∈ OK : NK/Q(α) = ±1}.

The equivalence can be checked on multiplication by α: its integer
matrix is invertible over Z exactly when its determinant is ±1. The
assumption α ∈ OK is necessary; the norm of an element of the
field alone does not make it an integer.
dirichlet’s theorem, stated without proof: For a field of signa-
ture (r1, r2),

O×K ' µK × Zr1+r2–1,

where µK is the finite cyclic group of roots of unity in K.

The free part can therefore be infinite, but it has finitely many
generators. Logarithms explain the stated rank. Choose the real
embeddings σi and one embedding τj from each complex conju-
gate pair. Put

λ(u) =
(
(log |σi(u)|)i, (2 log |τj(u)|)j

)
.

The absolute norm is the product of the real absolute values and
the squares of the complex absolute values. For a unit it is 1; taking
logarithms gives

r1+r2∑
k=1

λk(u) = 0.

The image lies in the hyperplane H of coordinate sum zero. The
kernel is µK, by Kronecker’s theorem, stated without proof. That
the image is discrete and has full rank in H is the geometry-of-
numbers step that we also take as given. Containment in a hyper-
plane would not, by itself, prove the rank.
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definition 6.2: Put m = r1 + r2 and r = m – 1. For funda-
mental units ε1, . . . , εr, the regulator is

RK =
∣∣det(λi(εj))∣∣ ,

after deleting one of the m rows. Since the row sum is zero,
all resulting determinants have the same absolute value. A
change of lattice basis multiplies this determinant by ±1. In
rank zero, we set RK = 1.

With the usual inner product on Rm, the covolume in H is
√
mRK.

Indeed, the parametrization by the first m – 1 coordinates has
Gram matrix I+ 11t, of determinant m. The regulator is therefore
a normalized volume, not this Euclidean volume itself.

H :
∑

xi = 0

λ(ε1)

λ(ε2) √
3RK

O

A schematic rank-2 drawing: the vectors generate the lattice in H ⊂ R3 . The Euclidean

area of the cell is
√
3RK .

the two signs in pell’s equation: We use the known fact that ε =
1+
√
2 is a fundamental unit for Q(

√
2). Its units are ±εk, k ∈ Z,
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with norm (–1)k. Those of norm +1 are exactly ±(3 + 2
√
2)ℓ,

` ∈ Z. If L = log(1 +
√
2), then

λ(ε) = (L, –L), RK = L ' 0.88.

The vector has length
√
2L, as required by the normalization. For

Q(i), in contrast, the signature (0, 1) gives rank zero: the only
units are 1, i, –1, –i, and RK = 1.

The logarithmic map translates multiplication into addition, but
its translation loses the roots of unity. Keeping them separately
recovers the whole group. In the analytic class number formula, the
product hKRK accompanies this torsion: classes and units describe
two aspects of the same arithmetic. Archimedean embeddings have
made them visible; valuations associated with primes will offer the
next perspective.

further reading

• Dedekind, R., Über die Theorie der ganzen algebraischen Zahlen,
supplement to Dirichlet’s Vorlesungen über Zahlentheorie. Historical
source for ideal theory (German).

• Samuel, P. (2008), Algebraic Theory of Numbers, Dover, translated
by Allan J. Silberger. English translation of Théorie algébrique des
nombres; a concise treatment of the arithmetic foundations.

• Neukirch, J. (1999), Algebraic Number Theory, Springer,
Grundlehren 322. Ideals, places, and reciprocity.

• Cassels, J.W.S. and Fröhlich, A. (eds., 1967), Algebraic Number The-
ory, Academic Press. Reference accounts extending to class field theory.

• Milne, J.S. (2020), Algebraic Number Theory, version 3.08, Chapters 2–
5: integers, ideals, classes, and units; Theorem 4.3 for Minkowski’s bound.

https://store.doverpublications.com/products/9780486466668
https://www.jmilne.org/math/CourseNotes/ANT.pdf
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research questions

(1) Beyond Brumer–Stark. The link between ideal classes, L-values, and
units now has an integral theorem: Dasgupta–Kakde–Silliman–Wang
prove Brumer–Stark over Z in their work first posted in 2023. Research
therefore concerns extensions of this setting and the explicit constructions
they would allow, rather than another proof of the same statement.

(2) Stark and higher rank. How can leading coefficients of L-functions be
expressed through units? Higher-rank formulations involve logarithmic
determinants and exterior powers of unit groups. Rubin’s 1996 paper
specifies an integral version in the abelian setting. Its hypotheses and
proved cases must be distinguished: the Brumer–Stark theorem is not an
undifferentiated resolution of all Stark conjectures.

(3) Hilbert’s twelfth problem. Construct abelian extensions through special
values of functions: cyclotomic fields over Q and complex multiplication
over imaginary quadratic fields are the classical models. For totally real
fields, Dasgupta–Kakde, Brumer–Stark Units and Explicit Class Field
Theory, introduction, §1.4, give a p-adic construction. They explicitly
distinguish it from the complex-analytic setting envisaged by Hilbert.
The nature of the allowed functions is therefore part of the problem and
must accompany any claim of a solution.

https://arxiv.org/abs/2310.16399
https://aif.centre-mersenne.org/articles/10.5802/aif.1505/
https://sites.math.duke.edu/~dasgupta/papers/Integral-Gross-Stark.pdf
https://sites.math.duke.edu/~dasgupta/papers/Integral-Gross-Stark.pdf
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